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OPEN 3-MANIFOLDS WHOSE FUNDAMENTAL GROUPS
HAVE INFINITE CENTER,
AND A TORUS THEOREM FOR 3-ORBIFOLDS

SYLVAIN MAILLOT

ABSTRACT. Our main result is a characterization of open Seifert fibered 3-
manifolds in terms of the fundamental group and large-scale geometric prop-
erties of a triangulation. As an application, we extend the Seifert Fiber Space
Theorem and the Torus Theorem to a class of 3-orbifolds.

1. INTRODUCTION

Let W be an orientable, irreducible 3-manifold such that 71 W has infinite center.
If W is compact, then the Seifert Fiber Space Theorem [39], [29], [26], [37], [13], [7]
asserts that W is a Seifert fiber space. If W is noncompact, this need not be the
case: for instance, P. Scott and T. Tucker [30] have constructed examples of fake
open solid tori, i.e., open orientable irreducible 3-manifolds W such that m W is
infinite cyclic and yet W is not homeomorphic to S* x R2. It is easy to see that
such a manifold cannot be Seifert fibered.

In this article, we prove that an open, orientable, irreducible 3-manifold whose
fundamental group has infinite center is Seifert fibered if it admits a triangulation
satisfying some large scale geometric properties. To define these properties formally,
we need some terminology: let W be a 3-manifold and let 7 be a triangulation of
W. We say that 7T has bounded geometry if there is a uniform bound on the number
of simplices in the star of a vertex. Let i € {1,2,3} and let P be an i-dimensional
simplicial complex. Recall that a map f: P — W is called combinatorial if it has
image in the i-skeleton and maps each i-simplex homeomorphically onto some i-
simplex of 7. Thus the number of i-simplices of P can be thought of as the number
of i-simplices of f(P) “counted with multiplicities”, and is called the i-dimensional
volume of the map f and denoted by Vol;(f). We use the words length and area
as synonyms for 1-dimensional and 2-dimensional volume, respectively.

Definition. Let (W,7) be a triangulated manifold and let a be a central element
of mW. We say that a is uniformly representable if there exists a constant Cy > 0
such that for each vertex x of 7, there is a combinatorial loop based at x, of length
at most Cy and representing a € m W.

Definition. Let (W, 7) be a triangulated manifold. We say that (W, 7T) has uni-

form isoperimetric profile if there exists a function C; : N — N such that every
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null-homotopic combinatorial map f : S I — W can be extended to a combinatorial
map f : D? — W such that Vola(f) < C1(Voly(f)).

Note that those two properties hold, in particular, for any triangulated manifold
that admits a cocompact simplicial group action (see Section [d).

Implicit in the above definitions is the idea that a triangulation of a manifold
induces a kind of metric structure on W, so that it makes sense to speak of quasi-
isometries between such spaces. Precise definitions are given in Section

Theorem 1.1. Let W be an open, orientable, irreducible 3-manifold. Let T be a
triangulation of bounded geometry of W such that (W, T) has uniform isoperimetric
profile. Let a be a uniformly representable central element of infinite order in m W.
Then the following properties hold:

(i) W admits a Seifert fibration such that a is a power of the element of m W
represented by a reqular fiber.

(ii) If the subgroup gemerated by a is mazimal among infinite cyclic central
subgroups, then there exists a Seifert fibration p: W — B and a complete
Riemannian metric on B such that the projection map p is a quasi-isome-
try.

In an unfortunately still unpublished manuscript, G. Mess [26] proved that if M is
a closed, orientable, irreducible manifold and W is the infinite cyclic (regular) cover
corresponding to some central infinite-order element of M, then W is homeomor-
phic to S' x R?, and if h is any Riemannian metric on W invariant under covering
transformations, then (W), h) is quasi-isometric to some complete Riemannian plane.
Theorem [[LT] can be viewed as a generalization of that result.

Next we discuss some applications. Our aim is to generalize the Seifert Fiber
Space Theorem in the context of 3-orbifolds. Theorem [[.T] together with the same
arguments as in the case of manifolds and the main theorem of [23] give the result
for good 3-orbifolds, i.e., 3-orbifolds that admit a manifold covering. To deal with
possibly bad orbifolds, we need a version of Theorem [[.1] where W is not assumed
to be irreducible, but only aspherical. The statement of the theorem (given in
Section B as Theorem B1)) is fairly technical; so in this introduction we only state
the following application.

Theorem 1.2. Let W be an open, orientable 3-manifold such that T W is infinite
cyclic. Let T" be a finitely generated group acting smoothly, properly discontinuously
and cocompactly on W. Then T is a virtual closed surface group.

(Recall that a virtual closed surface group is a group that contains a finite index
subgroup isomorphic to the fundamental group of some closed surface, not the
sphere or projective plane, or equivalently a group that is an extension of a finite
group by an infinite closed 2-orbifold group.)

An immediate corollary of Theorem is that if O is a closed, orientable 3-
orbifold whose fundamental group has a normal infinite cyclic subgroup Z of infinite
index, then the quotient of 71O by Z is a virtual closed surface group. This implies
that 71O is isomorphic to the fundamental group of some Seifert fibered orbifold.
To go on, we have to prove that there are no fake Seifert fibered orbifolds with
infinite fundamental group. We shall do this under the hypothesis that O does not
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contain an incompressible turnover (i.e., sphere with three singular points). Thus
we obtain the following generalization of the Seifert Fiber Space Theorem:

Theorem 1.3. Let O be a closed, orientable, irreducible 3-orbifold without in-

compressible turnovers. If mO has an infinite cyclic normal subgroup, then O is
Seifert-fibered.

We complete the work by proving an orbifold version of the Torus Theorem:

Theorem 1.4 (Torus Theorem). Let O be a closed, orientable, irreducible 3-or-
bifold without incompressible turnovers. If m O has a subgroup isomorphic to Z2,
then one of the following holds:

(i) O contains an incompressible Euclidean 2-suborbifold, or
(ii) O is Euclidean or Seifert-fibered.

We state all theorems on orbifolds in the closed case. Presumably, the techniques
of this paper can be extended to deal with compact orbifolds with boundary. For
orbifolds with nonempty singular locus, Theorems[3 and L4l are also consequences
of Thurston’s Orbifold Theorem, whose proof has been recently completed [1], [2],
3], [8], [35], [36]. However, the proofs given here are much simpler, and more
natural since we do not distinguish between the manifold and the orbifold case.

This article is organized as follows. In Section Bl we define the canonical quasi-
metric associated to a covering of a space by compact subsets. In particular, this
allows us to define quasi-isometries between triangulated 3-manifolds.

In Section Bl we introduce more terminology, which enables us to state three
crucial propositions which together imply Theorem [Tt Proposition B is a re-
statement of part (i) of Theorem [T, Proposition 32 asserts the existence of an M-
splitting, i.e., a decomposition of W by tori and annuli into Seifert fibered pieces of
uniformly bounded size; Proposition [3.3] states that the existence of an M-splitting
implies the conclusion of part (ii) of Theorem [[.1]

Sections [@HT are devoted to the proofs of these three propositions. Section Hlis a
short section containing background material on 3-manifold topology. In Section [l
we develop the notions of uniform asphericity and of a cyclic homotopy. We then
use this to prove Proposition B.1] and prepare the proof of Proposition B-2.

Section [6 is the heart of the paper: using the material of Section [Bl Proposi-
tion is proven, making intensive use of PL minimal surfaces, which are reviewed
in the Appendix. In Section [, we use combinatorial arguments and some more
3-manifold topology to prove Proposition B3l

In Section[8], we deal with aspherical open 3-manifolds that are not assumed to be
irreducible. The main result there is Theorem Rl which is needed for Theorem
In Section @ we turn to 3-manifolds admitting cocompact group actions and prove
Theorem [C2 Section [[lis devoted to the applications to orbifolds.

We end the introduction by some general notation and conventions. We let I
denote the unit interval [0, 1] C R, D™ the n-dimensional disc, S™ the n-dimensional
sphere and T"™ the n-dimensional torus.

All homology groups have coefficients in Q.

When f: X — Y is a map between topological spaces, f. denotes indifferently
any homomorphism induced by f, either between fundamental groups or homology
groups.

In a 3-manifold context, submanifold means codimension-zero submanifold.

The i-skeleton of a triangulated manifold (W, 7) is denoted by 7.
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2. QUASIMETRICS DEFINED BY COMPACT COVERS

2.1. Quasimetric spaces.

Definition ([5]). Let X be a set and let C' > 0 be a constant. A function d :
X?% — [0, 400) is a C-quasimetric (or simply a quasimetric) if it has the following
properties:
(i) d(z,z) =0 for all x € X;
(i) d(z,y) = d(y,x) for all z,y € X;
(iii) d(z,z) < d(z,y) +d(y,z) + C for all z,y,z € X.
We call (X, d) a quasimetric space.

Next we introduce some terminology for quasimetric spaces, most of which ex-
tends standard terminology for metric spaces. Let (X, d) be a quasimetric space.
Given z € X and R > 0, the ball of center z and radius R, written By(z, R), is
the set of y € X such that d(z,y) < R. Given A C X, the R-neighborhood of
A'is the set Nq(A,R) = U,ca Ba(z, R). We say that A is (R-)quasidense in X
if Ng(A,R) = X. The d-diameter of A (or simply diameter if the quasimetric is
understood) is diamg A := sup, ,c 4 d(z,y) € [0, +00]. We say that A is bounded if
diamg A < 400. Indices will often be dropped when there is no ambiguity.

Definition. Let (X;,d;) and (X2, dz2) be quasimetric spaces. We say that a map
f X1 — X5 is a quasi-isometry if there exist constants A > 1 and C' > 0 such
that:
(i) The inequalities
My (z,2) — C < do(f(2), f(2) < Ndy(z,2") +C

hold for any z,z’ € Xj.
(ii) The image of f is C-quasidense in Xj.

It can be shown that if there is a quasi-isometry f : X; — X5, then there is
a quasi-isometry g : Xo — X; such that f o g (resp. g o f) is a bounded distance
from the identity of Xs (resp. X1). In that case, we say that X; and X, are quasi-
isometric. Being quasi-isometric is an equivalence relation between quasimetric
spaces.

2.2. Compact covers. Let X be a path-connected topological space and K a
family of path-connected compact subsets of X such that X = [JK. We call K a
compact cover. We always suppose that I is locally finite, which means that no
compact A C X can meet infinitely many elements of .

Define the size of a subset A C X, denoted sizex(A), as the minimal cardinal of
a subfamily K’ of K such that A C |JK’. This number may be infinite in general,
but by local finiteness, a compact subset has always finite size.

Let =,y be points of X. A minimizing path between x and y is a continuous
path « : [0,1] — X such that «(0) = z, a(1) = y and « has minimal size. Such a
path always exists because X is path-connected.

Definition. The canonical quasimetric associated to the locally finite compact
cover K is the 1-quasimetric on X defined by di(x,y) = sizex(a) — 1 where « is
any minimizing path between z and y.

The following lemma gives an alternative definition for dx, which will also be
used in this paper.
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Lemma 2.1. Let x,y be points of X. Then dx(x,y) is the minimal number n such
that there exists a finite sequence Ky, ..., K, of elements of IC such that x € Ky,
ye K, and K;NK; 1 #0 for all0<i<n-—1.

Proof. Consider a finite sequence Ky, ..., K, as above, with n minimal. Define a
finite sequence xy, ..., z,41 by setting g = x, x,+1 = y and choosing for x; any
point of K;_ 1 N K; for 1 < ¢ < n . Since all elements of K are path-connected,
there is a path «; C K; connecting z; to ;41 for all 0 <7 <n. The concatenation
ag U -+ Uaq, is a path of size at most n + 1 between x and y. This proves that
dic(z,y) < n.

For the reverse inequality, let o be a minimizing path between z and y. Let
Lo, ..., Ly, be elements of IC such that « lies in LoU- - U L,,, with m = dx(z,y) =
size(a)) — 1. Assume that « € Ly and y € L,,. Consider the abstract graph G with
m + 1 vertices, numbered from 0 to m, where there is an edge between i and j iff
L;NL; # 0. We will show that there is an edge path in G connecting 0 to m, which
implies the existence of a sequence Ky, ..., K, as above with n < m, completing
the proof of the lemma.

If m = 0, there is nothing to prove. Otherwise write

a=(anLy)u(anl] L)
i>0
This gives « as the union of two nonempty closed subsets. Since « is connected,
this union cannot be disjoint. Hence some L; meets Ly, i.e., there is an edge in G
between 0 and some vertex ¢ > 0. Again we can write « as a union of two nonempty
closed subsets:
a=(@n(LUL)u(en |J L;).
3#{0.i}
This shows that there is an edge between some vertex j & {0,7} and either 0 or 4.

Repeating this process, we eventually reach m and we obtain an edge path between
0 and m in G. O

Definition. A locally finite compact cover K of a space X has bounded geometry
if there is a constant v € N such that any K € K meets at most v elements of /.
The smallest such v is called the local complezity of K and denoted by v(K).

Lemma 2.2. Let A C X be a bounded, path-connected subset. Then we have
diam A < size(A). If K has bounded geometry, then we also have size(A) <
I/(]C)diamAJrl'

Proof. Let x,y be points of A. By hypothesis, there is a path in A connecting x and
y. The size of this path is at most the size of A. This proves that for all z,y € A,
di(z,y) < size(A) and the first inequality follows.

For the second inequality, pick a point € A and observe that A C B(z, diam A);
so size(A) < size(B(z,diam A)). This reduces the problem to the inequality

(1) size(B(x,r)) < v(K)" V(z,r) € X x N,

which we shall prove by induction on 7.

The ball of radius 0 around =z is just the union of the elements of I containing
x; so inequality (@) for = 0 is just the definition of v(KC). The ball of radius r + 1
is obtained from the ball of radius r by adding at most 7(v(K) — 1) elements of K.
Hence size(B(z,r + 1)) < v(K) size(B(z,r)) and inequality @) is proven. O
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Definition. Let X be a path-connected space. Let K, K’ be locally finite compact
covers of X. Assume that both K and K’ have bounded geometry. We say that K’
has bounded geometry with respect to K' if there is a constant v (K, K’) such that
any K € K’ meets at most v(K,K’) elements of K. If K’ has bounded geometry
with respect to K and K has bounded geometry with respect to K’, then we say
that K and K’ are equivalent.

The next lemma is obvious from the definitions.

Lemma 2.3. If K and K’ are equivalent, then the identity map is a quasi-isometry
from (X, dx) to (X,dx/).

2.3. The case of triangulated manifolds. The construction of the previous
subsection will be used in several contexts, but our most important example is the
following: let M be a (connected) PL manifold and 7 a triangulation of M. Let
K(T) be the collection of all simplices (of any dimension) of 7. This is a locally
finite covering of M by path-connected compact subsets, and it has bounded geo-
metry if and only if 7 has bounded geometry as defined in the introduction, i.e.,
there is a uniform bound on the number of simplices in the star of a vertex. For
brevity, we write dr = dx (7). Note that when computing the size of a subset,
one may restrict attention to simplices of maximal size. In particular, the size of a
3-subcomplex is equal to its 3-dimensional volume as defined in the introduction.

We say that a subdivision 7’ of 7 is uniform if there is a constant C € N such
that any simplex of 7 is subdivided into at most C' simplices. The following crucial
remark will be used repeatedly in the sequel.

Remark. Let M be a PL manifold, 7 a triangulation of M and 7"’ a uniform sub-
division of 7. Then K(7) and K(7’) are equivalent. Hence by Lemma 23, the
identity map of M is a quasi-isometry between (M, dr) and (M, dr).

3. STATEMENTS OF TECHNICAL RESULTS

Throughout the paper, we work with a 3-manifold W endowed with a triangu-
lation and a central element of infinite order of w3 W. For convenience, we give a
name to such an object.

Definition. A TMC (for “Triangulated Manifold with a Central element”) is a
triple (W, 7, a) where W is a smooth 3-manifold, 7 is a smooth triangulation of
bounded geometry of W, and a is a nontorsion central element of mW. It is
mazimal if the infinite cyclic subgroup generated by a is maximal among cyclic
central subgroups.

We say that a TMC is orientable, irreducible, etc. when the 3-manifold W has
this property. Whenever we speak of a bounded subset of W, or of the diameter of
such a subset, or of quasi-isometries, the canonical quasimetric d7 is understood.

Definition. Let (W,7,a) be an open, orientable TMC. Let V' be a submanifold
of W. A compatible Seifert fibration on V is a Seifert fibration of V' such that the
base orbifold is orientable and a is a power of the element of m W represented by
the generic fiber.

Definition. Let (W, 7,a) be an open, orientable, maximal TMC. An M-splitting
of (W, T,a) is a collection M of embedded combinatorial tori and annuli such that:
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(i) For each annulus A € M, there are two (possibly equal) tori Ty, T € M

such that 0A C T7 U Ts.

(ii) Any two elements of M are disjoint except in the previous situation.

(iii) For each annulus A € M, the map m A — m W is injective and its image
is the subgroup generated by a.

(iv) Let V be the closure of a component of W — [ JM. Then V is a compact,
aspherical submanifold and Hy(Int V) = 0.

(v) Components of W — |J M have uniformly bounded diameter.

The proof of Theorem [[LT] breaks up into three propositions:

Proposition 3.1. Let (W, 7,a) be an open, orientable, irreducible TMC. If a is
uniformly representable and (W,T) has uniform isoperimetric profile, then W ad-
mits a compatible Seifert fibration.

Proposition 3.2. Let (W, 7, a) be an open, orientable, irreducible, mazimal TMC.
If a is uniformly representable and (W, T) has uniform isoperimetric profile, then
there is a uniform subdivision Ty of T such that (W, T3, a) admits an M-splitting.

Proposition 3.3. Let (W, 73, a) be an open, orientable, irreducible, mazimal TMC.
If (W, Ta,a) admits an M-splitting, then there is a compatible Seifert fibration on
W with base B and projection map p : W — B and a complete Riemannian metric
on B such that p is a quasi-isometry.

Since replacing 7 by the uniform subdivision 73 does not change the quasi-iso-
metry class of the associated quasimetric, it is clear that these three propositions
together imply Theorem [T.1]

4. PRELIMINARIES ON 3-MANIFOLD TOPOLOGY

Recall some definitions. A map f : FF — M of a surface F' to a 3-manifold M
is proper if f~1(OM) = OF. Two maps f,g are properly homotopic if there is a
homotopy H : F x I — M such that Fy = f, F} = g and all maps F} are proper.
In this paper, all maps and all homotopies are assumed to be proper unless stated
explicitly otherwise.

Assume that F, M are orientable and F' is not a sphere. We say that f is incom-
pressible if f, : mF — m M is injective; otherwise it is compressible. Similarly, f
is 0-incompressible if f, : m (F,0F) — m (M,0M) is injective and 9-compressible
otherwise. For embedded surfaces, it follows from the Loop Theorem that these
definitions are equivalent to those in [16] involving compression discs.

A compact, orientable, irreducible 3-manifold is called a Haken manifold if it
contains a compact, orientable, incompressible embedded surface. Every compact,
orientable, irreducible 3-manifold with nonempty boundary is Haken [16].

A submanifold V' C M is incompressible if each component of AV is incompressi-
ble in M or, equivalently, if there is no compression disc for 0V. By van Kampen’s
theorem, this implies that the inclusion map V' — M is m;-injective.

The following theorem of F. Waldhausen will be one of our main tools in Sec-
tion [Bl.

Theorem 4.1 (Waldhausen [39]). Let M be a Haken manifold. If mi M has an
infinite cyclic central subgroup Z, then M admits a Seifert fibration such that Z is
generated by a power of the reqular fiber.
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Lemma 4.2. Let M be an irreducible compact Seifert fiber space with nonempty
boundary. Then any nonzero element of Ho(M) can be represented by a family of
pairwise disjoint, embedded, incompressible tori.

Proof. Since OM # (), M is a Haken manifold. So any nonzero element of Hy(M)
can be represented by a family of incompressible closed surfaces. By [38], such
surfaces must be vertical tori; so they can be made pairwise disjoint by simple cut
and paste operations. U

Theorem 4.3 (Jaco-Shalen [I8], Johannson [19]). Let M be a Haken manifold. If
f:T? = M is a singular incompressible torus, then there exists an incompressible
submanifold V. C M that is a Seifert fiber space and a singular torus g : T?> — M
homotopic to f such that g(T?) lies in V.

5. THE CYCLIC HOMOTOPY AND ITS APPLICATIONS
5.1. Uniform asphericity.

Lemma 5.1. Let (W, T,a) be an aspherical, uniformly representable TMC. Then
there exists a function Cy : N — N such that for any compact K C W, there
is an aspherical compact submanifold L of W such that K C Int L and diam L <
Cy(diam K).

Proof. Let K be a compact subset of W. Let Y be a regular neighborhood of
N(K,0) obtained by taking the star in the second derived triangulation. If Y
is aspherical, then we can set L = Y. Otherwise the Sphere Theorem gives an
embedded 2-sphere S that does not bound a homotopy ball in Y. Since W is
aspherical, there is a homotopy ball B C W such that 0B = S. At least one
component U of W — IntY is contained in B. Now 90U is Cy-quasidense in U,
because otherwise some point z of U would have the property that any loop based
at x of length at most Cj is contained in U, hence in B, contradicting the uniform
representability of a.

From this, we deduce a bound in terms of diam K on the diameter of the union
of Y and all components of W —Int Y that lie in homotopy balls. Call L this union.
By the Sphere Theorem, it is aspherical; so Lemma [5.1]is proven. O

We call uniformly aspherical a triangulated 3-manifold satisfying the conclusion
of Lemma[5.1]l If, in addition, W is irreducible, then W is called uniformly irredu-
cible.

In the following lemma, the diameter of a map is defined to be the diameter of
its image.

Lemma 5.2. Let (W, T) be a uniformly aspherical triangulated 3-manifold. Then
for any i > 1, every continuous map f : St — W can be extended to a continuous
map f: D' — W such that diam(f) < Cy(diam(f)).

Proof. Let K be the image of f. The extension f can be found in the aspherical
submanifold L. O

Lemma 5.3. Let (W, T) be a triangulated 3-manifold. Let P be an i-dimensional
connected simplicial complex (where 1 < i < 3) and f : P — W a combinatorial
map. Then diam(f(P)) < Vol;(f).
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Proof. The i-dimensional volume of f is at least the number of i-simplices of f(P).
Since each i-simplex is contained in a 3-simplex, this number is at least the size
of f(P). Now Lemma implies that diam(f(P)) < size(f(P)) since f(P) is
path-connected. O

5.2. Cyclic homotopies. A basepoint in S*, denoted by 0, will be fixed through-
out.

Definition. A cyclic homotopy on a TMC (W, 7 ,a) is amap H : W x S* — W
such that:
(i) H(-,0) is the identity of W.
(ii) For all x € W, the loop H(x,-) represents a (this makes sense without
reference to a basepoint because a is central).

Given a point « € W, the loop H(z,-) is called the track of = by H.

The diameter of H, denoted by diam H, is the supremum of the diameters of its
tracks.

We say that H is bounded if diam H is finite.

Proposition 5.4. Let (W, 7T ,a) be an open, orientable, aspherical TMC. If (W, T)
has uniform isoperimetric profile and a is uniformly representable, then (W, T, a)
admits a bounded cyclic homotopy.

Proof. The construction of the cyclic homotopy H is by successive extensions over
the i-skeleta. At each step, the problem of extending H from the i-skeleton to the
(i 4+ 1)-skeleton can be viewed as a filling problem whose solution is provided by
one of our hypotheses.

First use uniform representability to construct H on the 0-skeleton. By Lem-
ma 5.3, we have diam H < Cy. Then for each edge e between vertices v, v’, consider
the combinatorial loop . based at v defined by first following the track H(v,-),
then running through e, following H (v’, ) in the opposite direction and coming back
through e. By construction, a, is null-homotopic and has length at most 2Cy + 2.
Since (W, 7) has uniform isoperimetric profile, a, can be filled by a combinatorial
disc of area at most C7(2Cy + 2). This allows us to extend H to a cyclic homotopy
of diameter at most C(2Cy + 2) on the 1-skeleton.

By Lemma B.I], (W, 7T) is uniformly aspherical. For each 2-simplex ¢, the re-
striction of H to Jc can be viewed as a combinatorial map of an annulus to W.
This map can be extended to a combinatorial map f : S2 — W by adding two
copies of ¢. Now by Lemma B3] diam(f) < Vola(f) < 3C1(2Cy +2) + 2. So by
Lemma 52 the map f can be filled by a map of the 3-ball of diameter at most
02(301 (2C0 + 2) + 2).

The extension of H to the 3-skeleton is analogous to the last paragraph, again
using uniform asphericity via Lemma It yields a cyclic homotopy H such that
diam H < C5(4C2(3C1(2CH 4+ 2) + 2) 4 2). O

5.3. Submanifolds of W with good properties. In this subsection, let (W, 7, a)
be an open, orientable, irreducible TMC such that a is uniformly representable and
(W, T) has uniform isoperimetric profile. We denote by d the quasimetric coming
from 7. By Proposition[pd] there exists a bounded cyclic homotopy H on (W, T, a).

We introduce some nice properties that a compact submanifold of W may or may
not have. For each property, our goal is to prove that W admits an exhaustion by
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submanifolds with this property, and whenever possible, that any compact subset
K is contained in some compact submanifold L with this property and such that
the size of L is bounded above by a function of the size of K.

5.3.1. Regular submanifolds.

Definition. Let V' C W be a compact, connected submanifold. We say that V is
reqular if it is irreducible and contains a loop representing a € m W.

One basic property of a regular submanifold is that it cannot lie in a 3-ball. This
has useful consequences, e.g. every component of the complement is irreducible. We
state a more general lemma.

Lemma 5.5. Let Q be a connected (possibly noncompact) submanifold of W. Let
Ky, ..., K, be pairwise disjoint reqular submanifolds of Int Q. If Q is irreducible,
then each component of Q — |, Int K; is irreducible.

Proof. Let X be a component of @ — |J, Int K;. Let S be an embedded 2-sphere
in X. Since @ is irreducible, S bounds a ball B C @. If B did not lie in X, it
would contain some K;, contradicting the fact that K; contains a loop representing
a € mW. Hence X is irreducible. O

Lemma 5.6. There is a function 11 : N — N such that for any compact K C
W, there is a reqular submanifold L C W such that K C Int L and diam L <
r1(diam K).

Proof. This is a straightforward consequence of uniform representability of a and
Lemma [5.1} define 71 (t) := Ca(t + Cy + 3). Let K C W be a compact subset.
Let Y be the 0-neighborhood of K. Pick a combinatorial loop « representing a, of
diameter < Cj, based at some vertex of Y. By Lemmal[5.1] Y U« is contained in the
interior of some aspherical submanifold L C W of diameter at most r;(diam K).
Since W is irreducible, L is also irreducible, hence regular. (I

5.3.2. Thick submanifolds and S-reqular submanifolds.
Define C4 := r1(0) + diam H + 5.

Definition. Let V' be a submanifold of W. We say that V' is thick if it is regular
and contains a ball of radius Cjy.

Lemma 5.7. Let V. C W be a thick submanifold. Then V contains a regular
submanifold whose distance to OV is at least diam H + 1.

Proof. Obvious from Lemma, [5-6] and the definition of Cy. O

Lemma 5.8. Let K C W be a thick submanifold. Then there is a thick submanifold
L C W such that L is the union of K and zero or more components of W — K,
diam L < diam K 4 2Cy + 10 and each compact component of W — Int L is thick.

Proof. Let L be the union of K and each compact component of W — Int K whose
diameter is at most Cy + 1. Obviously L contains a ball of radius Cy, diam L <
diam K + 2C4 4 10, and each compact component of W — Int L contains a ball of
radius Cy.

Let us prove by contradiction that L is irreducible: if L is reducible, then there
is a ball B € W such that 9B C L and B is not contained in L. Hence some
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component X of W — Int L lies in B. This X has to be compact; so it contains a
ball of radius Cjy, hence a track of H. This is a contradiction.

Therefore L is irreducible. Lemma [5.5 shows that each compact component of
W —Int L is irreducible, hence a thick submanifold. O

Definition. Let V C W be a compact submanifold. We say that V' is S-regular if
it is regular and admits a compatible Seifert fibration. An S-regular submanifold
is taut if it is a solid torus or incompressible in W.

Lemma 5.9. Let V. C W be an S-regular submanifold.

(i) If V is not a solid torus, then the compatible Seifert fibration on V is
unique up to isotopy.

(ii) The union of V and all components of W — Int V' that are solid tori is a
taut S-regular submanifold.

Proof. Proof of (i): The only Seifert fiber spaces with orientable base for which
uniqueness of the Seifert fibration up to isotopy fails are S* x D?, T? x I and K% xI
(the twisted I-bundle over the Klein bottle). In the last two cases, there will still
be only one compatible fibration.

Proof of (ii): The union of V' and all components of W — Int V' that are solid
tori is S-regular because any compatible fibration on V' has noncontractible fiber in
W so it extends to the complementary solid tori. We will complete the proof by
proving the following claim:

Claim. If an S-regular submanifold U is not taut, then at least one component of
W —Int U is a solid torus.

Write OU =Ty U---UT, UT,11U---UTyq,, where Th,...,T, are compres-
sible in W and T}, 41, ..., Th+m are incompressible. For each 1 < i < n, choose a
compression disc D; for T;. Compression surgery along D; gives a sphere S; that
bounds a ball B;. Since T; is a union of fibers in a compatible Seifert fibration, it
cannot lie in a ball. So it bounds a solid torus V; obtained by gluing back the two
copies of D; in B;. Now, by hypothesis, U is not a solid torus; so there exists ¢ such
that T; is a component of W — Int U. O

Lemma 5.10. Let Vi,...,V, be pairwise disjoint thick S-regular submanifolds. Let
Q be a taut S-regular submanifold such that each V; lies in the interior of Q. Define
X :=Q -, IntV;. If X contains a ball of radius Cy, then X is a thick S-reqular
submanifold.

Proof. First note that by Lemma [.H, X is irreducible; so it is a thick submanifold.
By Lemma BT, there exists for each i a regular submanifold K; C V; such that
d(K;,0V;) > diam H. Set Y := W — J, Int K;. By Lemma B3, Y is irreducible.

Let i : X — W and j : X — Y be the inclusion maps. It is easy to see that
each boundary component of X is incompressible in Y. This implies that the map
s :mX — mY is injective.

In order to apply Theorem EJl, we are looking for a central element A € m X
such that i.A = a. By hypothesis, we can choose a basepoint zg € X such that
the track « of g by H lies in X. Let A € m X be the homotopy class of @. By
hypothesis, H(X x S') C Y. We deduce the following equalities between subgroups
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of mY:

H,(m1 (X x §Y)) = Hi(mi (X x {0})) - Hu(m1 ({20} x S*))
= H.(m (X x {0}))
zj*mX.

Now j. A is central in H, (71 (X x S')) C m1Y. Since j. is injective, we conclude
that A is central in m X. Moreover, i,A = a since A is the homotopy class of a
track of H. By Theorem[4J], X has a compatible Seifert fibration. 0

Lemma 5.11. Let V. C W be a thick submanifold. If each boundary component of
V' is a torus and each compact component of W —Int'V is thick, then V is S-reqular.

Proof. Tf V is a solid torus, then the regularity of V implies that the central element
a is a power of the core of V. So V certainly admits a compatible Seifert fibration.

If V is incompressible, then the map mV — m W is injective. So Theorem E.1]
gives a compatible Seifert fibration on V.

In the following, assume that V is neither a solid torus nor incompressible. Let
Ti,...,T, be the components of 9V that are compressible. We claim that each T;
bounds a (unique) solid torus V; that either contains V' or intersects V in 7.

Indeed, let Y; be the component of W —Int V' that contains T;. Then Y; is either
noncompact or thick; so it does not lie in a ball. Now compressibility of T; implies
that T; separates W into two submanifolds Wy, Ws, one of which contains V' and
the other Y;. Exactly one of W7, W5 is compact. Since they both cannot lie in a
ball, the compact one is a solid torus V;.

We say that T; is exterior if V' C V; and interior otherwise. Note that there is
at most one exterior boundary component.

If there exists ig such that T;, is exterior, then apply Lemma BI0 with Q@ = V;,
and the thick, S-regular submanifolds are the other V;’s. If all T;’s are interior, then
apply the same lemma with @ = V U], Vi. This finishes the proof. O

5.3.3. Ezistence of thick S-regular submanifolds. The next goal is:

Proposition 5.12. There is a function r3 : N — N such that for any compact
K C W, there is a thick S-reqular submanifold V- C W containing K in its interior
such that diam V' < rg(diam K') and each compact component of W —Int V' is thick.

For this we need a lemma.

Lemma 5.13. There is a function ro : N — N such that for any compact K € W,
there is a thick regular submanifold U C W containing K in its interior, of diameter
at most ro(diam K), and whose boundary is a union of tori.

Proof. Let z be a point of K. By Lemma b6 K U B(z,Cy) is contained in the
interior of some regular submanifold K’ of diameter at most r (diam K +2C4+3). In
particular, K’ is thick. Applying Lemma[5.6]ltwo more times, we find regular subma-
nifolds K", K" of W such that K’ C Int K, K" ¢ K", d(0K',0K") > diam H,
d(OK",0K"") > diam H and diam K" is bounded above by a function of diam K.

Let Xi,...,X, be the components of K" —Int K’. By Lemma B0 each X, is
irreducible. For each 1 < i < p, let F;1,..., F;,, be the components of 9K" that

lie in X;. Define a class w; € Ha(X;) by setting w; := Ej [Fi 5]
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Claim. For each i, there is a finite (possibly empty) collection of pairwise disjoint
embedded tori T 1,...,T;m,, none of which is null-homologous in X;, such that
the following formula holds in Hs(X;):

w; = Z[Ti’k]'

k

Let us assume this claim for the moment. Then take the union of all tori T; j
for all 4 and all k& and forget those that are null-homologous in K'”’. The resulting
collection bounds a compact submanifold U C K’ containing K’. It follows that
K lies in the interior of U and that diam U is bounded by a function of diam K. Let
us prove that U is irreducible. If U is reducible, then there is a ball B ¢ K" such
that 0B C U and B is not contained in U. Hence B contains a component T' of OU .
This contradicts the fact that 7' is not null-homologous in K"”. We have proved
that U is irreducible; so it is a thick submanifold and the proof of Lemma
modulo the claim is complete.

Let us prove the claim. Let i be fixed throughout. We assume that w; # 0.

Lemma 5.14. For all j, there is a finite collection Tf,p ..

gular tori such that the following formula holds in Ha(X;):

Fij=Y_[T}].

l

., Tj ,, of possibly sin-

Proof. To simplify notation, set /' = Fj ;. Recall that F' is a boundary component
of K. So the condition d(0K"”,0X) > diam H implies that the image of F' x S*
by H is contained in X;. Thus we may consider the restriction H : F x S' — X.
Choose a basepoint z¢ in F' and define G = H, (m1(F x S',(20,0))) C m1 (X5, 7o)
Let a be the track of xg. Then the homotopy class of « in w1 (W, zg) is a. So the
homotopy class of « in 71 (X;, zg) is a nonzero element, say a’, which belongs to G
by definition. In fact, a’ is central in G because 1 (S!) is central in 7 (F x S1).
We have just shown that G has nontrivial center.

Let X’ be the covering of X; with m; X’ = G. Since X; is irreducible, both X;
and X' are aspherical. So H3(X’) = H2(G). Furthermore, X’ is irreducible by
the Equivariant Sphere Theorem [25]. Consider the inclusion j : F' — X. Since G
contains j.(m F), j factors through a map j' : F — X’. Now the homology class
[F] is nonzero in Hy(X). Taking the image of the homology class [F] € Ha(X)
under j., we get a nontrivial element w of Ha(G).

Scott’s Compact Core Theorem [27] provides a submanifold X C X’ such that
m X = G. Since G has nontrivial center, Theorem E.Tl tells us that X is a Seifert
fiber space. Hence G is the fundamental group of a compact Seifert fiber space with
nonempty boundary. Therefore, Lemma implies that the class w € Hy(G) can
be represented by Z2 subgroups. So we get the desired singular tori in Xj. O

Theorem gives us a Seifert fibered (possibly disconnected) submanifold V' C
X that contains singular tori homotopic to the T;’l’s. Take the collection of these
singular tori for all j and all [, and call it T7', ..., T,’. Let w’ be their sum in Hy (V).
Apply Lemmal[4.2] to obtain disjoint incompressible embedded tori T; 1, . .., T} 1, in
V such that ' = >, [Ti 1] € Ha(V).

Now the sum of the homology classes of T7’,...,T;" in Hy(X) is w; and so w; =
> i [Tix]. This proves the claim and finishes the proof of Lemma 513 O
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Proof of Proposition[5.13. Define r3(t) := ra(t) + 2C4 + 10. Let K be a compact
subset of W. By Lemma [B.I3] there is a thick regular submanifold U C W con-
taining K in its interior, of diameter at most r3(diam K'), and whose boundary is a
union of tori. By Lemma (.8, adding some complementary components of U yields
a thick submanifold V' of diameter at most r3(diam K) such that OV is a union
of tori and each compact component of W — Int V' is thick. By Lemma Vis
S-regular. O

5.4. Proof of Proposition 3.1
Proposition Bl Let (W, T ,a) be an open, orientable, uniformly irreducible, uni-
formly representable TMC. Then W admits a compatible Seifert fibration.

Proof. By Lemmal[5.12] W admits an exhaustion by thick S-regular submanifolds.
By capping off complementary solid tori using Lemma [(.9] we get an exhaustion
VoCcViC---CV, C--- by thick, taut, S-regular submanifolds. We may assume
that for every n, the submanifold X,, := V,, — Int V{ is thick.

If some V,, contains an incompressible torus, then V,, is incompressible. By
Lemma [5.9] the compatible Seifert fibration on V,, is unique up to isotopy. The
same is true for V,,11. Since each boundary component of V,, is an incompressible
torus, we can choose the fibration on V,, 1 so that it extends the fibration on V,.
Doing the same thing inductively for all m > n, we obtain a compatible Seifert
fibration on W.

We are left with the hard case where each V,, is a solid torus. Since Vy and each
X, are thick, we can apply Lemma [5-10lto X, for every n. This gives a compatible
Seifert fibration on X,,. For n > 1, the torus dV,, is incompressible in X,,+1. So by
the inductive argument of the previous paragraph, we can construct a compatible
Seifert fibration on W — Int V. This fibration extends to Vp, giving a compatible
Seifert fibration on W. O

6. THE M-SPLITTING

From now on, we assume that our TMC (W, 7 ,a) is mazimal. Our goal is to
find a uniform subdivision 73 of 7 such that (W, 73, a) admits an M-splitting.

6.1. First properties of a maximal TMC. For simplicity, we use Proposi-
tion Bl and we fix a compatible Seifert fibration p : W — B.

Definition. Let M be a submanifold of W. A Seifert fibration py; on M is strongly
compatible if the element of 71 W represented by the generic fiber of pys is exactly a.

Note that p is automatically strongly compatible, because a is maximal. An
example of a compatible Seifert fibration that is not strongly compatible is a trivial
circle fibration of a solid torus whose core is an exceptional fiber of p.

Lemma 6.1. Let M be a connected submanifold of W. If some component of
OM is incompressible in W, then any compatible Seifert fibration on M is strongly
compatible.

Proof. Let pps be a compatible Seifert fibration on M and let T be an incompres-
sible torus that is a component of OM. The Seifert fibration pys restricts to a
fibration of T'. Since T is incompressible in W, we may isotop p so that T is a
union of fibers of p. So we have two fibrations of T'. Since T is mi-injective, the
elements of 7T represented by the fibers of these two fibrations are a power of one
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another. This implies that these two fibrations are homotopic on T. Hence pjs is
strongly compatible. O

Lemma 6.2. Let V C W be a thick S-regular submanifold. If each compact com-
ponent of W —Int V is thick, then V' admits a strongly compatible Seifert fibration.
Furthermore, such a fibration is unique up to isotopy.

Proof. Recall that in a Seifert fiber space, any root of the generic fiber is a power
of some exceptional fiber. As a consequence, if p has no exceptional fiber, then any
compatible fibration on V is strongly compatible. Hence we assume that W is not
S! x R?, which implies that W admits an exhaustion by incompressible S-regular
submanifolds.

If OV has a component that is incompressible in W, then we can conclude by
Lemma BTl So we assume that it is not the case. This means that there exist solid
tori Vi,...,V, such that for every ¢, V; NV is a boundary component of V', and
U:=V U,V is asolid torus.

Let @ be an incompressible S-regular submanifold such that U C Int@. By
Lemma IO X := @ —J,; Int V; has a compatible Seifert fibration. By Lemma B.T]
this fibration is strongly compatible. Now V' is incompressible in X; so the fibration
can be isotoped so that V is a union of fibers. Therefore V' admits a strongly
compatible Seifert fibration.

If V is a solid torus, then it is clear that the strongly compatible fibration is
unique up to isotopy. Otherwise this fact comes from Lemma [(.91i). [l

Note that Lemma[6.2] fails without the thickness assumptions. For instance, tak-
ing a regular neighborhood of an exceptional fiber of p with a trivial circle fibration
and removing (open regular neighborhoods of) at least two fibers, one obtains an
S-regular submanifold that admits no strongly compatible fibration (since there is
only one Seifert fibration and it is not strongly compatible).

6.2. The tori.

Proposition 6.3. There exist constants Cs,Cq,C7 > 0, a function 14 : N —
N, a uniform subdivision Ty of T and a submanifold %, each component M of
W — Int X being endowed with a strongly compatible fibration pyr, such that the
following properties hold (in the following, all distances and lengths are taken with
respect to Th ):

(i) Each component of ¥ is combinatorial with respect to Tr, thick, S-regular,
and has dr, -diameter at most Cs.
(ii) Each component M of W — Int ¥ has Cg-quasidense boundary. Further-
more, for every compact K C M, there is an S-reqular submanifold L C
M such that K C Int L, diam L < ry(diam K), and there is a strongly
compatible Seifert fibration on M isotopic to py; such that L is saturated
in this fibration.
(iii) In each boundary torus T of ¥, there exists a curve cp that is a fiber of
the relevant pp;, combinatorial with respect to Ty, and has length at most
Cr.
Proof. Define Cf := r3(0), C§ := max{C{,3diam H + 10}, and 7j(t) :=
r3(t + 2C% + CE + 10).
Start with a subset NV C W maximal with the property that for each pair of
distinct points z,y € N the balls B(x, C§) and B(y, C§) are disjoint. By maximality,
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N is (2C§ + 1)-quasidense. For each point € N, apply Proposition with
K = {z}, getting an S-regular submanifold V. of diameter at most C%, such that = €
Int V. Let a, be a combinatorial loop of length < Cjy based at x and representing a.

Define ¥ := (J, ¢y Va. Since Cf < Cg, Vo, NV, = () for 2 # y; so the components
of ¥ are the V,.’s. Since 7 has bounded geometry, there are only finitely many pairs
(B(x,C§), az) up to combinatorial homeomorphism. So we can assume that 0% is
in general position with respect to 7 and that there are finitely many components
of ¥ up to combinatorial homeomorphism.

To go on, we need a relative version of Proposition [5.121 Call a submanifold
V C W compatible with X if for all z € N, either V, CIntV or V, NV = {.

Lemma 6.4. For every compact K C W, there is a thick S-reqular submanifold V
compatible with ¥ such that diamV < rj(diam K), K C IntV, and each compact
component of W —Int V' is thick.

Proof. Let K be a compact subset of W. Define K; to be the union of K and all
components of 3 whose distance from K is at most 2Cj. The constants have been
chosen so that for all x € N, either V,, C K; or d(V,, K1) > 2C§. By Lemma BE.13]
there is a thick submanifold U containing K7 and with boundary a union of tori,
such that diam U < ro(K7). Observe that U is contained in the submanifold K"
of that lemma, which is obtained from K; by repeating three times the operation
of taking the (diam H)-neighborhood and adding compact complementary compo-
nents that lie in balls. Now each component of ¥ is regular, so does not lie in a ball.
As a result, the 2C-neighborhood of U is disjoint from those components of ¥ that
do not lie in K;. Construct V from U by adding small complementary components
as in the proof of Lemma [5.8 so that each compact component of W — IntV is
thick. As in the proof of Proposition [5.12] we conclude using Lemma [5.11] that
V is a thick S-regular manifold; by construction, diamV < ) (diam K), and so V
satisfies the required properties. O

Let M be any component of W — Int ¥. Lemma gives an exhaustion Vy C
Vi C -+ C W such that each V; is a thick, taut S-regular submanifold compatible
with ¥. Lemma[b.T0and Lemmal6.2 ensure that for each ¢, V;N M admits a strongly
compatible Seifert fibration. By strong compatibility, there is a global fibration py,
on M. Remark that for each torus T' C dM, the fiber of pys is homotopic in T' to
the generic fiber of the unique strongly compatible fibration on X.

Hence for all z,2’ € N, if (B(z, C§), ) and (B(2', C§), ) are homeomorphic
(as pairs), then one can choose such a homeomorphism ¢ so that V,» = ¢(V;)
and for each component T of 9V, letting M (resp. M’) denote the component of
W —Int ¥ that contains T (resp. ¢(T)), the image under ¢ of any fiber of pjs lying
in T is homotopic in ¢(T") to the generic fiber of py.

This ensures the existence of a uniform subdivision 77 of 7 such that ¥ is com-
binatorial with respect to 7; and of a constant C7 > 0 and a collection of curves
cr such that (iii) holds. Since d7 and d7, are quasi-isometric, there exist constants
C5,Cs > 0 and a function 74 such that (i) and (ii) hold. d

6.3. The annulus divide: Definitions. From now on, we fix a triangulation 73
and a submanifold ¥ satisfying the conclusion of Proposition [631 We choose a
component M of W —Int X. We still denote by 77 the triangulation on M obtained
by restricting 7;. Since 7 has bounded geometry and 7; is a uniform subdivision
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of 7, 77 has bounded geometry. We endow 71(2) with a Jaco-Rubinstein metric, so
that we have a notion of PL area (see the Appendix).

By abuse of notation, we still denote by a the element of w1 M represented by
the generic fiber of pys (although the map m M — m W need not be injective).
We know that M is irreducible. It has incompressible boundary unless it is a solid
torus, but then its diameter can be at most C5 + Cg. Since our goal is to cut M
into pieces of uniformly bounded size, we will assume in the following that M is
not a solid torus.

By definition, a wvertical annulus is a properly immersed annulus A C M such
that m A — m M is injective and has image the subgroup generated by a. A
vertical annulus is essential if it is not boundary-parallel. We will use essential
vertical annuli to cut M. They will be constructed as unions of fibers in suitable
strongly compatible fibrations of S-regular submanifolds. (Note the importance of
strong compatibility.) To ensure that our annuli are disjoint and of small size, we
will take them of least PL area. For convenience, we give the following definition:

Definition. An h-minimal annulus is an embedded, essential vertical annulus of
least PL area in its homotopy class.

An annulus divide E is a set of vertical annuli in M, called edges, of least PL
area in their homotopy classes. It is embedded if each edge is embedded and no
two edges intersect each other. It is reduced if every edge is essential and no two
edges are homotopic. The pieces of M split along E (or simply E-pieces) are the
components of M — | J E. Note that the edges of an embedded, reduced annulus
divide are h-minimal annuli.

We shall prove:

Proposition 6.5. There is a (possibly empty) embedded, reduced annulus divide
E(M) in M, such that the following requirements are fulfilled (all diameters are
taken with respect to Ty ):
(i) Each E(M)-piece has trivial Hs.
(ii) The E(M)-pieces have uniformly bounded diameter.
(iii) The edges of E(M) have uniformly bounded weight.

Moreover, the bounds in (i) and (iii) depend only on W (not on M ).

The proof of Proposition is difficult and technical. It is given in the next
subsection. The reader is advised to first jump to Subsection [E5lto see why Propo-
sition implies Proposition

6.4. Construction of the annulus divide.
6.4.1. First step.

Proposition 6.6. There is a constant Cg > 0 and an embedded, reduced annulus
divide Ey such that each edge of Ey has weight at most Cs and each Ey-piece has
trivial Ho.

Proof. We begin with a definition. Let T be an incompressible torus. If a is a
(proper) arc in M, we say that « kills T if the intersection number of o and T is
odd. If A is an essential annulus in M, choose a compatible Seifert fibration on X
such that A, T are saturated and let 7,& be the projections of A,T. We say that
A kills T if the intersection number of 77 and £ is odd. Note that if 77 and T3 are
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homologous, then A kills T3 iff A kills Ty; so it makes sense to say that A kills a
homology class.

Lemma 6.7. For every incompressible torus T such that [T] # 0 € Hao(M), there
is a least PL area annulus among all essential vertical annuli killing T, and any
such least PL area annulus is embedded. There is a constant Cg such that any such
torus is killed by some essential vertical annulus of weight at most Cs.

Proof. Let T be an incompressible torus such that [T] # 0 € Hy(M). It is easy to
see (and will be proven below) that T is killed by some essential vertical annulus
A’. Assuming this for the moment, we show that there exists a least PL area
annulus killing 7. By Lemma [A11], any annulus of weight no greater than wt(A’)
is contained in the wt(A’)2-neighborhood of T. Thus there are only finitely many
normal homotopy classes of essential annuli to choose from, and the existence follows
as in Proposition [A.2l For embeddedness, note that any least PL area annulus
among all essential annuli killing 7" minimizes PL area in its homotopy class, and
that no killing annulus can be homotopic to the double cover of a Mobius band.

Set Cg :=12C6 + 13 and Cf := r4(C5).

Let T be an incompressible torus such that [T] # 0 € Hy(M). Either T is
nonseparating, or T is separating and each component of M split along T meets
OM. In both cases, there exists a killing arc o. Assume that « is combinatorial of
minimal length [, and denote its endpoints by z,y. Let z be a point of o N ,]—1(0)
such that the lengths of the subarcs [rz] and [zy] are both at least (I —1)/2. Since

OM is Cg-quasidense, there must exist w € M N Tl(o) and a combinatorial arc
connecting z and w of length at most 6(Cs+1). At least one of the two arcs [zz]US
and [yz] U B kills T'; so, by minimality, we get | < Cj.

In particular, o has diameter at most C§. Applying Proposition [(.3(ii), we
find an S-regular submanifold L C M of diameter at most r4(C§), containing o
in its interior, and such that there exists a strongly compatible Seifert fibration
p: M — B such that L = p~1(p(L)).

Set 1 := p(a) and & := p(T). Put n and T in general position, keeping n in p(L).
If n is embedded, just take A :=p~!(n). Otherwise write 7 = 11 Uy, 72 Uy, 113 where
w is a double point of 7. If the cardinal of 72 N¢ is even, then replace n by 11 Uns. If
it is odd, replace n by n1 Una Uy ! (where . Uis 1 with the opposite orientation).
After perturbation, the resulting arc has fewer double points than 7 and still meets
¢ in an odd number of points. A finite iteration of this process yields an embedded
arc. The preimage of this arc is an essential annulus of diameter at most Cg killing
T.

We must give a uniform bound on the minimal weight of such an annulus. This
is the most subtle part, for we do not have a bound on the size of T. First put
T in normal position. We have just shown that there is an essential annulus A of
diameter at most C{ killing T'. Let T” be a boundary component of M containing at
least one boundary component of A. Since diam T’ < Cj, the bounded geometry of
71 gives a bound on the size of N(T”,Cf/). Therefore, there is only a finite number
of possibilities for the 5-tuple (N(T",C{), T, M N N(T",C§), T N N(T',C¥),cr+)
up to combinatorial homeomorphism. In each situation, there is an annulus A C
M N N(T',C{) in normal position such that one component of JA lies in T”, is
freely homotopic to ¢7v and the number of components of AN T that are essential
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curves is odd. Select for each situation an annulus with these properties and call
A the collection of these annuli. Let Cg be the maximum of their weights.

Now we put the pieces together: for all T', there is an annulus A of diameter at
most C¥ killing 7. Some annulus A’ € A in a model situation has the required
property. Then pulling A’ back into W gives an annulus of weight at most Csg
killing T'. Note that this annulus must be vertical because of the condition on ¢z
and essential because no boundary-parallel annulus can kill 7. O

Let £ = {[T1],[T2],- ..} be a list of all homology classes of embedded incompres-
sible tori in M. The divide Ej is constructed inductively. Let A; be of least PL
area among all essential annuli that kill 77. Delete from the list £ all classes that
are killed by A;. Then take the first remaining class [T},,]. Choose an annulus Ay of
least PL area among all essential annuli that kill [T},,] and so on. This construction
gives a sequence {4, } of essential annuli, which we can view as a divide Ey. Each
A, is h-minimal and has weight at most Cs.

It is easy to see that Fy is reduced; indeed, if A, and A,, are homotopic, then a
homology class is killed by A,, if and only if it is killed by A,,. So, by construction,
n=m.

To show that Ey is embedded, assume by contradiction that two edges A,, A
intersect. By the Meeks-Yau trick (cf. the Appendix), we may suppose that the
intersection is transverse. Write 4, = A} U, A, and A, = A5 U, A}. Without
loss of generality, we assume that A} has least PL area among the A;’s. So, in
particular, |A%] < |A}| and |A5] < |A4]. Let [T,] be a homology class on the list
L such that A,, has least PL arca among annuli that kill [7},]. We can choose the
representative T}, such that ¢NT, = ) and T}, intersects A,, and A,, transversely in
essential curves. Then by counting the intersection curves of T}, with A} and A’ one
sees that exactly one of A5 U A} and A U Aj kills [T,,], and we get a contradiction
by rounding the corner of a suitable annulus. We have shown that Ej is embedded.

It remains to see that each Ey-piece has trivial Hy. Assume that there is a piece
X with Ho(X) # 0. We know that X is Seifert fibered. So, by Lemma B2 it
contains an incompressible torus T' representing a nonzero class in Ho(X). Now T
must be null-homologous in M, for otherwise its homology class in Ha(M) would
appear on the list £, and hence some edge of Ey would kill T'. Therefore, T' bounds
a compact submanifold Y C Int M. No edge of Fy can meet Y; so Y C X. This
contradiction completes the proof of Proposition [6.6] O

6.4.2. Second step. Let Ey be the annulus divide constructed in Proposition
Our next task is to add annuli to cut the Ey-pieces into smaller pieces of uniformly
bounded diameter.

Let X be an Eg-piece. By hypothesis, Hz(X) = 0, but Hz(X) might be nonzero,
because there might exist an edge A of Fy such that both sides of A lie in X. To
avoid this difficulty, we define abstractly the closed-up piece X using the following
construction: replace each edge of Ey by two parallel copies of this edge, obtaining
a (nonreduced) divide E’. Then the “interesting” E’-pieces (i.e., those that are
not bounded by two parallel edges) are in bijection with the Fy-pieces. If X is
an FEy-piece, we define X as the closure of the corresponding E’-piece, with the
combinatorial structure induced by the triangulation 7; and the edges of E/. We
identify X with the obvious subset of X and endow X with the quasimetric induced
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by the covering of X by its intersections with the 3-simplices of 77. The intrinsic
diameter of X is the diameter of X (or X ) in this quasimetric.

Note that X and X are homotopy equivalent; in particular, Hy (X' )=0.

The boundary of X naturally splits into annuli of two kinds. We call boundary
annuli the components of £ N §X and frontier annuli the edges of E'. We write
0X = 9pX U X where 9pX is the union of the boundary annuli and 9; is the
union of the frontier annuli.

A properly embedded surface or arc in X is well embedded if its boundary lies
in 9oX. A well-embedded arc or annulus is essential if its boundary components
lie on different boundary annuli 7', 7" such that no frontier annulus connects 7" and
T'. A cutting annulus is an essential well-embedded annulus. A cutting annulus
is called c-minimal if it has least PL area among all cutting annuli connecting the
same boundary annuli.

Our next goal is to prove the following proposition, which is just a reformulation
of Proposition .5

Proposition 6.8. There exist constants Cy,C19 > 0 and an embedded, reduced
annulus divide E such that each E-piece X has trivial Hy and intrinsic diameter
at most Chg, and each edge has weight at most Cy.

Lemma 6.9. There is a function rs : N — N such that if o C X is a well-embedded
arc connecting boundary annuli T and T', then either T and T’ are connected by
some frontier annulus or there exists a c-minimal cutting annulus A C X of weight
at most r5(size(a)) connecting T and T".

Proof. The proof follows the same outline as Lemma [E7. The annulus is con-
structed as a union of fibers in a Seifert fibration of some S-regular submanifold.
To ensure that the annulus lies in the good piece, it suffices to take the Seifert
fibration so that the divide is saturated, which is always possible since it consists
of vertical annuli. O

Lemma 6.10. Let A, A’ be c-minimal annuli. Suppose that A connects boundary
annuli T,U and A’ connects boundary annuli T',U’. Then the following holds:

(i) FEither A and A’ are disjoint or, possibly after replacing A by some A. as
in Proposition [A.3 the intersection consists of just one essential curve.
(ii) If T =1T', then A and A’ are disjoint.

Proof. Proof of (i): Assume that A and A’ are transverse (the general case follows
using the Meeks-Yau trick). By Lemma[A3, AN A’ is a disjoint union of essential
closed curves. By way of contradiction, assume that there are at least two curves
c1,c2 C AN A’. Choose them so that the annuli A; C A and A} C A’ bounded by
¢1 Ucg meet only along ¢ Ucs. By exchanging A; and A} and rounding the corners,
we get two annuli A”, A” such that A” connects T and U, A" connects T" and U’,
and |A”]| + |A"| < |A| 4+ |A’|. This contradicts the c-minimality of A and A’.

The proof of (ii) is similar: if A and A’ are not disjoint, by perturbing A if nec-
essary we obtain an essential curve of intersection, perform an exchange/roundoff
along this curve and obtain a contradiction. ([

Proof of Proposition [6.8. Here is a sketch of the proof: we start with the divide
Ey given by Proposition [6.6l We construct by transfinite induction an increasing
family of divides F). At each step, we choose a piece X, consider the closed-up piece
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X, and split X into frontier annuli and boundary annuli as explained before. To
construct £y from E), we choose a frontier annulus, say Ag, paint it red, and find
a collection of cutting annuli that are sufficiently far from the red annulus and split
X into p+ 1 components, one of which has controlled diameter, and such that the
others have only one cutting annulus in their boundary. Adding the cutting annuli
to the divide yields a larger divide Ft1. The cutting annuli become frontier annuli
of Fy1-pieces. So we can iterate the construction to cut those new pieces, choosing
the new red annulus Ag to be the corresponding new frontier annulus. The reason
for this red annulus trick is that we want the bound on the weights of the cutting
annuli not to increase at each step. This will become clear in a few paragraphs.
We define the following constants:

l:=2Cq + ZV('Tl)CS + 3,
Cy := sup(r5(1/(’2’1)l"’1)7 Cs),
s:=CZ +1,
Cip := 75+ 3C5 + 50.

All the divides E) will have the following properties: F) is an extension of every
divide E,, for pr < A; each edge of Ey has weight at most Cy (hence diameter at
most s — 1 by Lemma [AT]); for every piece X of M split along E), either the
intrinsic diameter of X is at most Cyp, or X admits at most one frontier annulus
that is not already an edge of Ej.

Clearly Ej has all these properties. If A is a limit ordinal, we set Ey := U/K)\ E,.
Next is the construction of Ej1; from E). Assume that for some ordinal A, some
piece X of F) is noncompact or has intrinsic diameter greater than Cig.

Choose a red frontier annulus Ag C 9; X according to the following instructions:
if some frontier annulus of F) is not an edge of Ey, then choose this one. Otherwise
choose A arbitrarily. Let U be the union of Ay and the two adjacent boundary
annuli. Let Y be a submanifold such that N(U,s) C Y C N(U,s +1). Let
Fy, ..., Fy be the components of Y. Since Ha(X) = 0, each F; bounds a sub-
manifold Y;. We say that F; is exterior if Y C Y;. Clearly, there is exactly one
boundary component, say Fp, that is exterior. Then F{y contains U. Moreover, Fj

does not fill 8X, for Fy = 0X would imply diam(X) < 2s+2Cs + 3 < Cho.
Claim. Fy — U is connected.

Indeed, U retracts on an essential curve ¢ C Fy. Seeking a contradiction, assume
that c is separating. Let F' be one of the components of Fy split along ¢. Thus F'
is an orientable surface whose boundary is an essential curve in M. It can neither
be a disc nor an annulus; so it must be compressible. After a finite number of
compressions, we obtain a contradiction. This proves the claim.

Choose two points z,y such that z lies in one of the adjacent boundary annuli
of Ay and y lies in the other one. The claim implies that there exists an arc -y
in Fy — U connecting = to y. We can split v into 1y U&G Uy U -~ U &1 Uy,
where v; C 0X and & C X - N(U,s). Let Zi,...,Z, be the components of the
closure of X N N (Fy,Cs) — U. Since 0X is Ces-quasidense, each ~y; lies in some
Zj(iy- Consider the (abstract) graph G whose vertices are the Z;’s and where there
is an edge between Z; and Zy, iff N(Z;, Cs) NN (Z, Cs) is not contained in N (U, s)
(hence nonempty).
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Lemma 6.11. There is an edge path in G connecting Z;;y and Zji1y for all i.

Proof. If j(i) = j(i + 1), it is obvious. Otherwise we can write

&= (&NN(Zjw, Ce) U |J (&N N(Z, Co)).
k35 (@)

This gives &; as a union of two nonempty closed subsets. Since §; is connected,
the union cannot be disjoint. This means that there is a k # j(i) such that & N
N(Zjiy,Cs) NN (Zk,Cs) # (. In particular, Z;(;y and Z; are connected by an edge
in G. If j(i + 1) = k, we are done. Otherwise, we can repeat the same argument,
putting together j(i) and k on one side and everything else on the other side. We
get an edge between j(i) or k and some k’. After finitely many steps, we obtain an
edge path in G connecting Z(;) and Zj(;41)- O

Call W the union of all the boundary annuli and frontier annuli that do not
lie entirely within U and meet N(Z;,Cs) for at least one j. Call Wy,..., W, the
components of W. Each Z; is contained in some Wj,(;.

Lemma 6.12. Let j, j’ be indices such that there is an edge of G between Z; and Z ;.
Then either k(j) = k(j') or there are boundary annuli T C Wiy and T" C Wy
such that either T and T' are connected by a frontier annulus, or there is a c-
minimal cutting annulus of weight at most Cg connecting T and T'.

Proof. By hypothesis, there is a point z € X such that d(z,Z;) < Cg, d(2,Z;1) < Cg
and d(z,U) > s. Assume that k(j) # k(j’). Then there is an arc « of size < 2Cs+1
connecting Z; to Z;. If one endpoint (or both endpoints) of « lie(s) on a frontier
annulus, then we can extend a along the boundary, getting an arc o’ of diameter at
most 2Cs+2v(7;)Cs+3 = [ connecting boundary annuli 7" C W,;) and T" C Wijiy.
Note that we have just used the fact that everything takes place away from the red
annulus.

By Lemma 22} size(o’) < v(71)"*!. So by Lemma B9, either 7" and 7" are
connected by a frontier annulus, or there is a c-minimal cutting annulus of weight

at most Cy connecting T and T". O

Combining the two previous lemmas, we get the following conclusion: up to
reindexing the Wy’s, there exists a finite sequence (Af,..., Al) with the following
properties:

(i) Each A} is an h-minimal annulus of weight at most Cy (either a frontier
annulus or a cutting annulus).
(ii) Wy contains z, W, contains y and for all ¢, A} connects boundary annuli
T; C W; and Tz/ C Wi+1.
However, some of the A}’s might intersect one another. To complete the proof,
we have to make them disjoint. This is the purpose of the next lemma.

Lemma 6.13. Possibly after reindexing again the Wy ’s, there is a finite sequence
(AY,..., Al satisfying the same properties, and, in addition, the A’s are pairwise
disjoint.

Proof. Let (AY,..., A”) be a finite sequence of annuli with properties (i) and (ii)
above. We define the complezity of (AY,..., Al) as the pair (u,n), where u is the
cardinal of the sequence and 7 is the sum of the PL areas of the A/’s. The set of
all possible complexities is well ordered (by the lexicographic order). So there is a
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finite sequence (A7, ..., A”) of minimal complexity. We are going to show that the
A!’s are pairwise disjoint.

Assume that there are indices i < j such that A N A7 # (. By Lemma 610}
AY ﬁA;-’ consists of a single essential curve ¢, which we may assume to be transverse.

First assume that j = ¢ + 1. If |A(T},¢)| > |A(Tj,c)|, then replace A} by an
annulus obtained by rounding the corners of A(T;, ¢) U, A(c, T;). Otherwise replace
A7 by an annulus obtained by rounding the corners of A(7}/,c) U. A(c,Tj). In
each case, the resulting sequence has the same cardinal and a smaller 7, since the
operation of rounding corners decreases strictly the PL area. This contradicts the

minimality of (AY,..., AY).
If j —i > 1, then we can do the same thing and delete the A}’s for i < k < j,
obtaining a sequence of smaller cardinal, which is again a contradiction. O

By Lemma [A] the A?’s have diameter at most s. Recall that they are either
cutting annuli or frontier annuli. There is at least one cutting annulus among them,
because otherwise, every point of X would lie in N (U,354+C5+Cs+15). So every
point of X would lie in N (U, 3s + Cs + 2Cs + 20) and X would have diameter less
than C1p, contradicting our hypothesis.

Adding the A’s to E) yields a strictly larger embedded, reduced annulus divide
E41 satisfying the required properties.

The result follows by transfinite induction: since there are countably many ho-
motopy classes of essential well-embedded annuli, the construction has to stop for
some countable ordinal A\. The corresponding F has the additional property that
all E\-pieces have intrinsic diameter at most Cyg. Il

6.5. Proof of Proposition[3.2. Let (W,7,a) be a TMC satisfying the hypotheses
of Proposition B.2. By Proposition [6.3, there is a uniform subdivision 7; of 7 and a
combinatorial submanifold ¥ whose components are thick S-regular submanifolds of
uniformly bounded diameter. By Proposition [6.5, each component M of W —Int &
admits an embedded, reduced annulus divide E(M) such that edges of E(M) have
uniformly bounded weight and E(M )-pieces have trivial H, and uniformly bounded
diameters, the bounds depending on W but not on M.

Let M’ be the collection consisting of all boundary components of ¥ and all edges
of all divides E(M). This is a collection of tori and annuli satisfying conditions (i),
(ii) and (iii) of the definition of an M-splitting.

One first problem is that the annuli of M’ are not combinatorial with respect
to 71. So we have to find a uniform subdivision making M’ combinatorial. To do
this, it suffices to see that there are only finitely many patterns for the intersection
of M’ and a simplex of 7;. Indeed, all annuli are normal. Let o be a simplex of
75. The uniform bound on the weights of the annuli of M’ gives a bound on the
number of sheets of a given annulus that can meet . By LemmalA 1] there is also
a uniform bound on the diameters of the annuli. Since each divide E(M) is reduced
(i.e., two edges are never parallel), the bound on the diameters of the annuli gives
a bound on the number of different annuli that can meet o (as in Kneser-Haken
finiteness). Thus the desired uniform subdivision exists.

The collection M’ almost works, the only remaining problem being that compo-
nents of ¥ may have nontrivial Hy. However, there are only finitely many of them
up to combinatorial homeomorphism. So it suffices to add vertical annuli where
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needed and again subdivide the triangulation to obtain a uniform subdivision 75 of
7T and an M-splitting for (W, 73, a).

7. PROOF OF PROPOSITION B3

The main results of this section are Proposition [Z1 and Proposition [7.3] below,
which together imply Proposition B3l

We need some definitions and notation. If R is a surface and D is a (locally
finite) cell decomposition of R, we will denote by dp the canonical quasimetric
associated to the covering of R by cells of D. We say that D has bounded geo-
metry if this covering has bounded geometry. This means that there are uniform
upper bounds for the degree of a vertex and the combinatorial length of a 2-cell
(see below). If M is an M-splitting of a TMC (W, T3, a), then we denote by daq the
canonical quasimetric associated to the covering of W by closures of complementary
components.

Here are two preliminary remarks. Let (W, 72, a) be an open, orientable, irredu-
cible, maximal TMC and let M be an M-splitting of (W, 73, a).

Remarks. (i) Each torus of M meets at least one annulus. (Otherwise some comple-
mentary component would have nontrivial Hs.)
(ii) The identity map between (W,dz,) and (W, daq) is a quasi-isometry (be-
cause the relevant compact covers are equivalent).

Proposition 7.1. Let (W, 73,a) be an open, orientable, irreducible TMC. Assume
that (W, T3, a) admits an M-splitting. Then there is a compatible Seifert fibration
on W with base B and projection map p : W — B and a bounded geometry cell
decomposition D on B such that p is a quasi-isometry between (W, dr,) and (B, dp).

Proof. Let M be an M-splitting. We are going to construct a compatible Seifert
fibration of (W, 75, a) that respects M, i.e., such that the tori and annuli of M are
saturated.

Start with a trivial circle fibration of each annulus. Condition (iii) of the defini-
tion of an M-splitting and the first preliminary remark ensure that we can extend
this to a circle fibration of all tori. It remains to construct the fibration on the
complement.

For convenience, thicken each annulus of M and extend the fibration on the
thickening. Then each closure V of a complementary component V has trivial Ho.
Thus 9V is a single torus. By hypothesis, V' is aspherical, but since W is irreduci-
ble, V is in fact irreducible. If V is a solid torus, then the fibration on 9V extends
to a Seifert fibration on V. Otherwise V is incompressible, and Theorem (1] gives
a compatible Seifert fibration on V. Since V is incompressible and a is maximal,
this Seifert fibration is automatically strongly compatible (cf. Lemma B.1); so we
can choose it so that it extends the fibration of OV

Let B be the base surface of the Seifert fibration that we have just constructed
and let p : W — B be its canonical projection. The image of M is the 1-skeleton of
a cell decomposition D of B. Since 72 has bounded geometry and complementary
components of M have uniformly bounded diameter, D has bounded geometry.

The projection p is a quasi-isometry between (W, daq) and (B,dp). So by the
second preliminary remark, it is a quasi-isometry between (W, dr,) and (B,dp). O

The next task consists in finding a Riemannian metric on the base surface B that
“approximates” the quasimetric associated to the cell decomposition D. For this,
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bounded geometry will be a crucial ingredient. We need to recall some definitions
(most of which are taken from [22]).

Let R be a surface and let D be a cell decomposition of R. The degree of a
vertex v is the number of 1-cells containing v. The degree of D is the supremum
of the degrees of its 0-cells. The combinatorial boundary length of a 2-cell is the
number of 1-cells in its boundary, counted with multiplicities. An n-gon is a 2-cell
of combinatorial boundary length n.

Notice that if D has bounded geometry, then it has finite degree and there is a
uniform upper bound on the combinatorial boundary lengths of 2-cells.

A 3-gon is either a genuine triangle or some kind of “degenerate triangle” in
which the number of vertices and/or edges is less than 3. There are four types of
degenerate 3-gons (see [22]). A cell decomposition D is called a pseudo-triangulation
if all 2-cells are 3-gons. It is nondegenerate if no 2-cell is degenerate. Any nonde-
generate pseudo-triangulation can be endowed with a canonical path metric where
the 3-gons are isometric to equilateral Euclidean triangles of edge length 1. We call
this the regular piecewise Fuclidean metric on D.

Lemma 7.2. Let R be a surface and let D be a bounded geometry cell decom-
position of R. There is a uniform subdivision D' of D that is a nondegenerate
pseudo-triangulation of finite degree.

Proof. First get rid of 1-gons and 2-gons in the following way: add a 0-cell in the
boundary of each 1-gon (so that all 1-gons become 2-gons), then transform each
2-gon into a 3-gon by adding a 0-cell in its boundary. The resulting cell decom-
position is of course a uniform subdivision of D and all its 2-cells are n-gons with
3 < n < C for some constant C.

Then subdivide each n-gon c¢ into 3-gons by choosing a 0-cell v € dc and adding
a 1-cell between v and each 0-cell in dc different from v and not adjacent to v. Each
n-gon is divided into (n — 2) 3-gons. So the bounded geometry of D ensures that
the resulting pseudo-triangulation D” has finite degree and is a uniform subdivision
of D.

Now D” can be transformed into a nondegenerate pseudo-triangulation D’ by a
subdivision in which any 2-cell is divided into at most six 2-cells (see [22], Section 5,
proof of Theorems 3.5 and 3.6). Hence D’ is also a uniform subdivision of D and
has finite degree. O

Proposition 7.3. Let R be a surface. Any bounded geometry cell decomposition
D of R is quasi-isometric to some complete Riemannian metric.

Proof. Lemma, shows that it is enough to prove Proposition [7.3] when D is a
nondegenerate pseudo-triangulation of finite degree. Let d be the regular piecewise
Euclidean metric on (R, D). We will show that (R, d) is quasi-isometric to (R, dp).
Then Lemma 5.3 of [22] gives the desired conclusion.

Let (X,dx) be the 1l-skeleton of D with the intrinsic metric. According to
Lemma 5.2 of [22], it is enough to check that (X, dx) is quasi-isometric to (R, dp).
For all z,y € X, the inequality dx (x,y) < dp(z,y) + 1 is obvious. Conversely, any
minimizing path (in the sense of Section [2) between z and y can be pushed into
the 1-skeleton; so dp: (z,y) < 3dx (z,y) + 3. O
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8. THE NONIRREDUCIBLE CASE

In this section we show how to adapt our arguments to deal with the case where
W is not assumed to be irreducible, but only aspherical. Of course, we cannot
expect to prove that W itself is Seifert fibered (since the Poincaré conjecture is still
open), but we shall prove that W is homotopy equivalent to a Seifert fiber space.

To state our main result formally, it is convenient to introduce a definition:

Definition. Let (W,7,a) and (W’',7’,a’) be two TMCs. A wuniformly proper
homotopy equivalence between (W, T ,a) and (W', 7’,a') isamap f: W — W’
with the following properties:
(i) f is a proper homotopy equivalence;
(ii) f is a quasi-isometry between (W, dr) and (W', dz);
(iii) fi(a) =d'.

Theorem 8.1. Let (W,T,a) be an open, orientable, aspherical, mazimal TMC.
If a 1is uniformly representable and (W, T) has uniform isoperimetric profile, then
there exists an open, orientable, irreducible TMC (W', T’ da’) that is uniformly
proper homotopy equivalent to (W, T ,a) and admits a compatible Seifert fibration
with base B and projection map p : W — B such that there exists a complete
Riemannian metric on B with respect to which p is a quasi-isometry.

The proof of Theorem breaks up into two propositions.

Proposition 8.2. Let (W, T,a) be an open, orientable, aspherical, maximal TMC.
If a is uniformly representable and (W, T) has uniform isoperimetric profile, then
there exists an open, orientable, aspherical, mazimal TMC (Wa, T3, a2) that is uni-
formly proper homotopy equivalent to (W, T ,a) and admits an M-splitting.

Proposition 8.3. Let (Ws,72,a2) be an open, orientable, aspherical, maximal
TMC that admits an M-splitting. Then there is an open, orientable, irreducible
TMC (W', T',d’) that is uniformly proper homotopy equivalent to (Wa, Tz, az), such
that there is a compatible Seifert fibration on W' with base B and projection map
p: W' — B and a complete Riemannian metric on B such that p is a quasi-isome-
try.

Let (W,7,a) be an open, orientable, aspherical TMC. Let V' be a possibly dis-
connected submanifold of W each of whose components is compact and aspherical.
We call Poincaré 0-surgery the following transformation: for each reducible com-
ponent U of V| we choose an embedded 2-sphere Sy C U bounding a fake ball
By C U such that U — By contains no fake ball. We subdivide 7 to make each
Sy combinatorial. Then we remove each By and glue in its place a genuine 3-ball,
suitably triangulated. Call (W', 7") the resulting triangulated manifold. There is a
natural homotopy equivalence ¢ : W — W', Let a’ € m1 W’ be the image of a under
¢«. Then (W' T’ a’) is an open, orientable, aspherical TMC called the Poincaré
transform of (W, T ,a) w.r.t. V. We call ¢(V') the irreducible transform of V.

This construction is especially useful when components of V' are combinatorial of
uniformly bounded size, because in this case, the subdivision above can be taken to
be uniform, so that ¢ is uniformly proper. We record this fact for future reference.

Fact. With the previous notation, if there is a constant C' > 0 such that each
component of V' is combinatorial and has size at most C', then there exists a Poincaré
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transform of (W, 7,a) w.r.t. V that is uniformly proper homotopy equivalent to
(W.T,a).

It is now fairly easy to adapt the proof of Proposition[3.3lto prove Proposition B3]
Let M be an M-splitting of (Wa, T2, a2). For each component Y of W5 split along
M, let Zy be a submanifold of Y obtained by removing an open collar neighborhood
of Y. Let V be the union of those submanifolds Zy over all components of
Wy — UM. After passing to a uniform subdivision, V' is combinatorial and its
components are compact, aspherical submanifolds of uniformly bounded size. Hence
some Poincaré transform (W', 77 a’) of (Wa, T2,a2) w.r.t. V is uniformly proper
homotopy equivalent to (Wa, Tz, az).

Observe that (W', 7', a’) has a natural M-splitting M’ and that, by construction,
all components of W’ — [ JM' are irreducible. Thus the first part of the proof
of Proposition [3.3] shows that (W', 7’ ,a’) admits a strongly compatible Seifert
fibration respecting M’. Hence it is irreducible and the rest of the proof goes
through without changes.

Proof of Proposition[83. We have to scan through sections [{ and [B, see where ir-
reducibility is used, and adapt the definitions and arguments.

There is one basic principle the reader should keep in mind: when trying to
establish the existence of an incompressible surface F' with some specified properties
in a submanifold V' C W, one can do as follows: first perform Poincaré 0-surgery
in V, getting a manifold W’ homotopy equivalent to W and an irreducible subma-
nifold V/ € W' such that V is homeomorphic to the connected sum of V’ and a
homotopy sphere. Then find a surface F’ in V'’ with the desired properties using
the irreducibility of V’. Finally, isotope F”’ off the ball coming from the 0-surgery,
so that its preimage by the homotopy equivalence is a surface F' C V with the
desired properties.

Let us consider Section The first mention of irreducibility appears in the
definition of a regular submanifold. From this point on, the word “irreducible”
should everywhere be replaced by “aspherical”. Thus the definition of a regular
submanifold becomes:

Definition’. Let V C W be a compact, connected submanifold. We say that V is
reqular if it is aspherical and contains a loop representing a € mW.

With this new definition, Lemmas 5.5l and 5.6l remain true. It suffices to replace
“ball” by “homotopy ball” in their proofs.

The definition of a thick submanifold does not require any adjustment, nor do
Lemmas and B8] Things become more difficult when Seifert fibrations are
involved. Let us call homotopy solid torus a 3-manifold homeomorphic to the
connected sum of S' x D? with a homotopy sphere.

Definition’. A compact submanifold V' of W is called S-reqular if it is regular
and if some irreducible transform of V' admits a compatible Seifert fibration. An
S-regular submanifold is taut if it is incompressible in W or a homotopy solid torus.

With this modified definition, Lemma [5.9(ii) remains true, and so does Lem-
ma B.I0. For the latter, the beginning of the proof is unchanged, except that one
only knows that X and Y are aspherical rather than irreducible. The argument
used in the irreducible case proves that w1 X has nontrivial center. By applying
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Theorem Bl in a Poincaré transform, one shows that X is S-regular in the new
sense.

With similar modifications, the proof of Lemma [51T] is still valid. As far as
Proposition [5.12] is concerned, irreducibility is used twice, both times in the part
of its proof corresponding to Lemma [5.14. The first time, we applied Theorem E.1]
to a manifold X in order to study a group G isomorphic to w1 (X(). In the new
setting, one can only show that X|) is a connected sum of a Seifert fiber space with
nonempty boundary and a homotopy sphere, but this difference does not concern
the group G. The second time, we applied Theorem .3 To adapt the proof, one
uses the principle described above: apply Theorem [£.3]in a Poincaré transform to
get the tori, then remark that they already existed in the old submanifold.

One can use these results to prove a weak analogue of Proposition [3.1] by consid-
ering an exhaustion of W by taut S-regular submanifolds. The outcome is that W
is a connected sum of a Seifert fiber space and possibly infinitely many homotopy
spheres. However, this fact does not seem to be very useful in itself.

We then have to adapt the arguments of the beginning of Section[@. One difficulty
comes from the absence of a global Seifert fibration on W. Lemma [6.1] becomes:

Lemma 6.1'. Let M be a compact, connected submanifold of W such that some
component T of OM s incompressible in W. Let W' be a Poincaré transform of
W w.r.t. M. Then any compatible Seifert fibration on the irreducible transform
M' Cc W' of M is strongly compatible.

For the proof, we take a taut S-regular submanifold V' C W' containing M’.
Since V' is taut and contains an incompressible torus (the image T’ of T'), V' is
incompressible. Since M’ is Seifert fibered, it is irreducible. Hence we can perform
a Poincaré 0-surgery in V/ — Int M’ so that the image V" of V' is irreducible.
By maximality of a and Theorem EI], V" admits a strongly compatible Seifert
fibration. Now the surgery has been done away from 7. So we get a fibration on
T', which we may compare to the restriction of pys, and the rest of the argument
is unchanged.

Lemma 6.2". Let V C W be a thick S-reqular submanifold such that each compact
component of W —IntV is thick. Let W' be a Poincaré transform of W w.r.t. V.
Then the irreducible transform V' C W' of V' admits a strongly compatible Seifert
fibration. Furthermore, such a fibration is unique up to isotopy.

In the proof of the irreducible case, the case W =2 S! x R? was dealt with
separately. Here we say that if W does not have an exhaustion by incompressible
S-regular submanifolds, then it has an exhaustion by homotopy solid tori that are
compact cores of W’. In this case, m1 W' is cyclic generated by a, which is enough
to conclude that the compatible fibration on V' is strongly compatible. The case
where W does have an exhaustion by incompressible S-regular submanifolds needs
no further adjustment.

Using these two lemmas and the work done before, we obtain the following weak
version of Proposition [6.3

Proposition 8.4. There exist constants Cs,Cq,C7 > 0, a function r4 : N —
N, an open, orientable, aspherical, mazimal TMC (W1,71,a1) that is uniformly
proper homotopy equivalent to (W, T ,a) and a submanifold ¥ C Wy, each boundary
component T of ¥ being endowed with an embedded closed curve cp C T such that
the following properties hold:
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(i) Each component of ¥ is combinatorial with respect to T, has diameter at
most Cs and admits a strongly compatible Seifert fibration.

(ii) Each component M of W1 —Int ¥ has Cg-quasidense boundary. Further-
more, for every compact K C M, there is an S-reqular submanifold L C M
such that K C Int L, diam L < r4(diam K), and, possibly after Poincaré
0-surgery in L, there is a strongly compatible Seifert fibration on L such
that all curves cr that meet L are fibers.

(iii) Each curve cp is a fiber of the strongly compatible Seifert fibration of .
Furthermore, it is combinatorial and has length at most C.

The main difference is that we cannot expect to prove that complementary com-
ponents carry Seifert fibrations, hence the clumsy statement of property (ii). The
proof is similar to that of Proposition so we just give a sketch and point out
the differences: first we use the weak form of Proposition .12 to construct a set
of S-regular submanifolds sufficiently distant from one another and such that each
complementary component has quasidense boundary. We may enlarge them so that
each one is thick and has only thick complementary components. Then we take the
Poincaré transform with respect to the union of these submanifolds. This gives
the TMC (W1,771,a1) and the Seifert fibered submanifold 3. It is easy to check
properties (i) and (iii). For property (ii), the only difference is that we do not have
the fibration pps. One would like to do the following: take a not-too-large S-regular
submanifold V' C W; with the following properties: it contains K it is thick; each
of its complementary components is thick; it contains every component of 3 that it
intersects; each component of V.— X NV is thick. Then one would like to conclude
that (possibly after O-surgery) V' admits a strongly compatible Seifert fibration ex-
tending that of V' N X, so that one can set L := V N M. Unfortunately it does
not make sense to speak of thick submanifolds in W7, since we do not know what
constant to choose. So we really have to take K back to W using the homotopy
equivalence, do all this in W, and then take the image in Wj.

Now we turn to the second part of the program, i.e., the construction of the
annulus divide. Since we no longer have the fibrations p,s, we define an annulus A C
M to be vertical when any essential embedded closed curve in A is freely homotopic
to some curve ¢y where T is a boundary torus of M. Note that property (ii) of
Proposition R4 implies that all curves ¢y C OM are freely homotopic in M and
determine a central element of 3 M. So we can apply the results of the Appendix.

Otherwise the only difference is that in Lemma [6-7], we do not have a Seifert
fibration on the submanifold L itself. Hence we apply the usual trick: do Poincaré
0-surgery to get the Seifert fibration, construct the annulus, and pull it back to the
original manifold. To obtain a uniform bound on the weights of the annuli, observe
that for fixed size(L), we can choose a finite number of ways of doing the Poincaré
0-surgery, so that the resulting irreducible submanifold belongs to a finite number
of combinatorial types. The rest of the argument is the same. O

9. MANIFOLDS WITH COCOMPACT GROUP ACTIONS

In order to apply the results of Section Bl we need two propositions. The first
one is a version for quasimetric spaces of a standard lemma in large scale geometry.

Proposition 9.1. Let X be a path-connected topological space and K a locally finite
compact cover of X of bounded geometry. Let ' be a finitely generated group. If T’
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acts properly discontinuously and cocompactly on X and the action of each element
preserves K, then T' is quasi-isometric to (X,di).

Proof. Let S be a finite, symmetric generating set for I'. Throughout this proof,
Is(y) denotes the length of an element v € T' with respect to S and dg(v,v') =
Is(y~14') is the Cayley metric.

Fix a point zp € X. Consider the map ¢ : I' — X defined by ¢(y) = yao. We
are going to show that ¢ is a quasi-isometry.

First we show that ¢ has quasidense image: by cocompactness, there is a compact
Y C X such that for all z € X there exists v, € I' such that v, 'z € Y. Without
loss of generality, we assume zy € Y. Since K is locally finite, Y has finite diameter
D; so dic(zo,v;'x) < D for all z € X. Since the action of I' preserves K, we get
dic(yro, ) = dic (70,7, ') < D. Hence ¢(I') is D-quasidense in X.

Next we pick 7v,7" € T and find an upper bound for di(yxo,¥ xo) in terms of
ds(v,7'). Write v~ 14" = ay---a,, with m = ds(v,7'). We obtain the following
estimates:

dic(ya0,7'x0) = dc(0, 7™y w0)
< di (w0, a170) + dic(a170, a1a270) + - - -
+dic(ay - am_120,7 Y 20) + (M — 1)
< dx (w0, a10) + dic(zo, agwo) + - - -
+ dic(z0, amxo) + (m — 1)
<m(l+ Igleaéid]c(l‘o, azxop)).

For the reverse estimate, we use Lemma [Tt pick Ky,..., K; with vxg € Ky,
Y'zo € K, I = dic(yzo,v'm0), and K; N K;1 # ( for all 5. Pick y; € K; so
that yo = yxo, y1 = 7' xo and the other y;’s are arbitrary. By construction, each
dic(yi,yi+1) is 0 or 1. Now we use the quasidensity of ¢(T"): for each ¢ we choose
vi € T such that di(ys, vix0) < D. We may take 79 = v and v, = +'. We get:

ds(v,7") <ds(y,m) +ds(vi,72) + -+ +ds(n-1,7).

For each 7 we have
di (Vi®o, Yi+1%0) < dic(Vizo, ¥i) + d (i, Yit1) + dc (Yit1, Yig120) + 2 < 2D + 3;

SO d]C('yi_l"}/iJl_ll‘Q, x0) < 2D + 3.

Now I' acts properly discontinuously and any ball in (X, di) is compact. So the
set F' of elements v € I" such that vB(zg, 2D + 3) N B(xo, 2D + 3) # () is finite. We
have shown that each ~; 1~it1 belongs to F. Therefore,

ds(7,7) < L maxls(v). O

The second proposition says that when a TMC admits a cocompact group action,
then it has all the properties needed to apply Theorem B We state it in the
relevant special case.

Proposition 9.2. Let (W, T,a) be an open, orientable TMC. Assume that mW =
(a) and that there is a properly discontinuous, cocompact, simplicial action of a
group T on (W, T). Then W is aspherical, a is uniformly representable, and (W, T)
has uniform isoperimetric profile.



OPEN 3-MANIFOLDS WITH INFINITE CENTER 4625

Proof. Let us first show that a is uniformly representable. By cocompactness, there
exists a finite subcomplex Y of W such that for all x € W there exists v € I" such
that v~'z € Y. For each vertex x of Y, we pick a combinatorial loop based at z
representing a. Let Cy be the maximum of the lengths of these loops. Then for
any = € 79 one can construct a loop based at z representing a of length at most
Cy by taking the image under the action of an element of I" of some loop based at
a vertex of Y. This shows that a is uniformly representable.

Next we prove by contradiction that moW is trivial. By the Sphere Theorem, if
moW # 0, then there is an embedded 2-sphere S C W which represents a nontrivial
element of mW.

If S is separating, call Wy, W5 the components of W split along S. For each
i, if W; is noncompact, then by uniform representability, Int W; contains a loop
representing a € mW. Now by van Kampen’s theorem, mW = m W7 x m Wo.
Since at least one W;, say Wi, is noncompact, we deduce that m Wy = 0; so Wy is
a homotopy ball. This contradicts the fact that S represents a nontrivial element
of maW.

If S is nonseparating, let W’ be the result of cutting W along S. By van Kam-
pen’s theorem, mW = m W’ x Z. Now again by uniform representability, W’
contains a loop representing a € m; W, which is a contradiction.

Thus we have proven that mW is trivial. A standard argument using the
Hurewicz theorem shows that W is aspherical.

To see that (W, T) has uniform isoperimetric profile, use Lemma (B3 and cocom-
pactness as before to reduce the problem to a finite subcomplex. O

Theorem 1.2. Let W be an open, orientable 3-manifold such that m W 1is infinite
cyclic. Let T" be a finitely generated group acting smoothly, properly discontinuously
and cocompactly on W. Then T is a virtual closed surface group.

Proof. Let a be a generator of myW. Construct a triangulation 7 of W as follows:
let O be the closed orbifold W/T'. Let 7’ be a (finite) triangulation of O. Lift 7’
to a [-equivariant triangulation of W. Then 7 has automatically bounded geome-
try (an explicit bound on the local complexity of 7 can be given in terms of the
local complexity of 7’ and the orders of the isotropy groups). Hence (W, 7 ,a) is a
maximal, open, orientable TMC.

By Proposition .2, the hypotheses of Theorem Bl are satisfied. Hence there
is an open, orientable, irreducible TMC (W', 7", a’) such that m W’ =2 Z, (W,dr)
is quasi-isometric to (W', dz/) and there is a compatible Seifert fibration on W’
such that (W’ dz+) is quasi-isometric to some complete Riemannian metric i on
the base surface B of this fibration.

Since m; W is cyclic, B must be diffeomorphic to R?. By Lemma[@.I], T is quasi-
isometric to (W, d7), hence to (W', dr), hence to (B, h). By the characterization of
groups quasi-isometric to planes [26], [22], [6], T is a virtual closed surface group. O

10. APPLICATIONS TO ORBIFOLDS
10.1. Background on 3-orbifolds.

Conventions and notation. In this paper, all 3-orbifolds are connected and
orientable. All 2-orbifolds are connected and locally orientable; hence their singular
points are cone points. We denote the underlying space of an orbifold X by |X|
and its singular locus by X x.
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For general definitions on orbifolds, see [4] or Chapter XIII of [34]. Recall that
closed 2-orbifolds are divided into four classes: bad, spherical, Euclidean, and hyper-
bolic. A closed 2-orbifold has positive Euler characteristic iff it is bad or spherical.
Some 2-orbifolds have special names, which we shall use. We recall them briefly:
a teardrop is a sphere with (exactly) one cone point; a spindle is a sphere with
two cone points of different orders; a football is a sphere with two cone points of
the same order; a turnover is a sphere with three cone points; a pillow is a sphere
with four cone points of order 2; a discal n-orbifold is an n-orbifold that is finitely
covered by the n-disc.

Let O be a 3-orbifold and let F' C O be an orientable 2-suborbifold. We say that
F is compressible if either

(i) F is spherical and bounds a (discal) 3-suborbifold isomorphic to the cone
on F, or

(ii) F has nonpositive Euler characteristic and there is a discal 2-suborbifold
D that intersects F' transversely in 0D and such that 9D does not bound
a discal 2-suborbifold in F.

We say that F' is incompressible if it is not compressible. Note that if F' is bad
or a turnover of nonpositive Euler characteristic, then F' is always incompressible.
Hence O is irreducible (as defined in the introduction) iff it has no incompressible
orientable 2-suborbifold of positive Euler characteristic.

Two 2-suborbifolds F, F” are isotopic if the inclusion maps of pairs (|F|,Xp) —
(|10],Z0) and (|F'],X%) — (|O],Xo) are isotopic. If F, F’ are isotopic, then they
are isomorphic (as orbifolds) and F' is incompressible iff F” is incompressible. We
shall need the following fact: let F' be any 2-suborbifold. Let D C F' be a discal
suborbifold. Let D’ be a 2-suborbifold of O such that D' N F = dD’' and D U D’
is a compressible spherical 2-suborbifold. Then the 2-suborbifold obtained from F'
by removing D and gluing D’ is isotopic to F'.

10.2. Equivariant theorems. To deduce properties of 3-orbifolds from properties
of their fundamental groups, we will use the following two “equivariant theorems”.

Theorem 10.1. Let O be an orientable, irreducible 3-orbifold. Then any regular
cover of O is irreducible.

Theorem 10.2. Let O be an orientable, irreducible 3-orbifold. If O contains no
incompressible turnovers, then no regular cover of O contains incompressible turn-
overs.

It should be noted that the orbifold @ in Theorem M0l is not assumed to be
good. So this theorem is not a consequence of the Equivariant Sphere Theorem for
manifolds. To prove Theorems [0l and [[0:2] we need an extension to orbifolds of
the theory of least PL area surfaces (see the last section of the Appendix).

Below we fix notation that will be used for the proofs of both theorems.

Let O,O" be 3-orbifolds and let p : O — O be a regular covering. Let T :=
m1 0 /11O’ be the covering group. Let ¥ := X be the singular locus of O'.

We fix a D-invariant triangulation 7 of @’. Such a triangulation can be obtained
as follows: choose a triangulation of |O| such that ¥ is a subcomplex of the 1-
skeleton, lift it to O’ and take the barycentric subdivision. A suborbifold F' C O’
is equivariant if for all g € T, either gF' = F or gF N F = (.

Let S (resp. 8’) be the set of all orientable, incompressible 2-suborbifolds of
O’ of positive Euler characteristic in general position with respect to 7 (resp. of
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general position incompressible 2-suborbifolds that are spheres with at most three
cone points). The strategy of the proof of Theorem [IUT] (resp. Theorem [[0.2)
is the following: assume that S (resp. ') is nonempty, show that it contains an
equivariant element F', and use the projection of F' to O to obtain a contradiction.

Proof of Theorem [[0-1l Assume that S # 0. We would like to find a least PL area
element F', and show that F' is equivariant. However, a least PL area element in S
need not exist, because Theorem might only give a double cover. To deal with
this situation, we define the completion S of S to be the union of S and the set of
double covers that are normally homotopic to elements of S.

Lemma 10.3. There is a normal, least PL area element in S.
Proof. We need the following lemma.

Lemma 10.4. For every F € S there exists a normal 2-suborbifold F' € S such
that [|F'|| < [|F].

Proof. In the case of essential 2-spheres in 3-manifolds, this lemma is due to
H. Kneser [20]. It is straightforward to adapt Kneser’s proof to our setting. De-
fine the complexity c(F') of a general position 2-suborbifold F' C O’ by setting
e(F) = (sing(F),wt(F),n(F)) ordered lexicographically, where n(F’) is the sum
over all 2-simplices o of 7 of the number of components of o N |F|.

If F' € § is not normal, then we may apply one of Kneser’s moves [14], [20]. It is
easy to check that S is stable under these moves. (See also the proof of Theorem 12
of [10].) The complexity ¢(F') decreases with each move. So the process ends
with a normal 2-suborbifold F/ € S. Since the PL area also decreases, we get
IF < 1P O

Let us turn to the proof of Lemma 03 Let Sy be the subset of S consisting
of the normal maps. Note that Sy has the following stability property: if f is
an embedding or double cover normally homotopic to some element of SN, then
fe SN. Lemma [M0.4] implies that S‘N is not empty, and that any least PL area
map in Sy will automatically be of least PL area in S. Next we prove the existence
of a least PL area map in Sy

Since (sing, wt) takes its values in N2, it has a minimum (s,w) over Sy. Let
F C Sy be the subset consisting of the maps f € Sy such that (sing(f), wt(f)) =
(s,w) and f is the least PL area map in N'(f). By Theorem[A4] Theorem and
the stability property of S A, F is nonempty and any least PL area map in F will
be of least PL area in Syr. Now all elements of F have the same total weight w.
So the existence of a least PL area map fy € F follows from Lemma [AT] and our
choice of the regular Jaco-Rubinstein metric. O

Our next goal is to show that S has an equivariant element. Let fy be a normal,
least PL map in S whose existence is guaranteed by Lemma [0.3. Since 7 is I'-
invariant and the Jaco-Rubinstein metric is regular, each translate of fy by the
covering group is also of least PL area in S.

First assume that fy is an embedding and call Fy its image. We are going to
prove by contradiction that Fj is equivariant. Since the action of the covering group
I' is properly discontinuous, there are at most finitely many elements g,...,g, €I’
such that g; Fy N Fy # 0. Thus by the Meeks-Yau trick we may further assume that
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for each ¢, Fy intersects g; Fy transversely in finitely many simple closed curves that
avoid ¥. Each intersection curve separates Fy (resp. g;Fp) into two discs with at
most three singular points. There are finitely many such discs. Let D be of least
PL area among them. Note that D is innermost.

If D C Fy, set Fy := Fy and Fy := g;F), and otherwise set F} := g¢;Fy and
Fy := Fy, so that D C F; anyway. Let D, Do be the 2-suborbifolds such that
Dy UDy; = Fy and 9D; = 0Dy = 9D. Let F] be a 2-suborbifold obtained by
rounding the corner of D U D; for ¢ = 1,2. Since D is innermost, F| and Fj are
embedded. Since D has smaller PL area than the other disc in F; with the same
boundary, D has at most one singular point.

Both FJ and F} have smaller PL area than F», because by hypothesis || D] <
[|D;]| for i = 1,2. In particular, both are spheres with at most three singular points.
Since F, has least PL area in S, we deduce that F] and Fj do not belong to S.

If sing(D) = 0, then

sing(FY}) + sing(Fy) = sing(D1) + sing(D3) = sing(F) < 3.

Assume without loss of generality that sing(F}) < sing(F3). Then sing(FY) equals
0 or 1. If it is 0, then F} is a compressible nonsingular sphere. Since F; is incom-
pressible, F must also be incompressible and isomorphic to F; so Fj belongs to
S. If it is 1, then FY| is a teardrop; so it belongs to S. In either case there is a
contradiction.

If sing(D) = 1, then the constraints sing(D;) + sing(D2) < 3 and sing(D;) >
sing(D) imply that sing(D1) = 1 or sing(D3) = 1 (or both). There are again two
cases to consider: if sing(F>) = 2, then sing(D;) = sing(D2) = 1. At least one of
the D;’s (say D;) is isomorphic to D. Hence Fj is a football. Since F] ¢ S, it is
compressible. But then Fj is incompressible and isomorphic to Fy; so Fy belongs
to S, giving again a contradiction. If sing(F») = 3, then for instance sing(D;) =1
and sing(D2) = 2. Then sing(Fy) = 2. If F| were a spindle, it would belong to S.
So it must be a compressible football and we conclude as before.

If fy is a double cover, then we can perturb it to an embedding fy .. The Meeks-
Yau trick shows that if € is small enough, then the image of fy . is an equivariant
2-suborbifold.

At this point, we have proven that S contains an equivariant 2-suborbifold F’ C
O'. Projecting down F’ to O, we get a 2-suborbifold F' C O of positive Euler
characteristic.

If F is orientable, then it is compressible because O is irreducible. Any discal
3-suborbifold of O bounded by F lifts to a discal 3-suborbifold of @’ bounded by
F’, contradicting the incompressibility of F”.

If F is nonorientable, then it is one-sided. Let F, be the boundary of a small
regular neighborhood of F. Some lift of F. is a small perturbation of F’, hence
incompressible, and we get a contradiction as in the previous paragraph. O

Remark. Conversely, if O is a covering of a 3-orbifold O and @’ is irreducible, then
O is irreducible. This is easy to show for manifolds; for orbifolds, it uses the fact
that smooth finite group actions on the 3-ball are standard [24], [Z1].

It follows from this remark that Theorem [TU.Tlis still true without the hypothesis
that the covering is regular. Indeed, if O is irreducible and O’ is any covering of O,
then by Theorem [[0], the universal covering of O is irreducible. So by the above
remark, O’ is irreducible. Thus the complete result is the following:
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Corollary 10.5. Let O be an orientable 3-orbifold and let O’ be a covering of O.
Then O is irreducible if and only if O is irreducible.

However, this result is not needed here. So our proof of Theorem is indepen-
dent of [24] and [21].

Proof of Theorem [I.2. It is almost the same as that of Theorem [I0.T] the class S
being replaced with the class S'.

The completion 8’ of & is defined in the same way as the completion S of S. The
proof of Lemma [10.3]is the same, using the general results of Appendix [10.4] The
heart of the proof of Theorem[TI0.1]is the analysis of the two 2-suborbifolds obtained
by surgery along an innermost transverse curve of intersection of two elements of
S. We used the fact that the underlying surface of every element of S is a sphere,
together with some counting arguments involving numbers of singular points of
certain 2-suborbifolds. The same analysis works for S'.

For the end of the proof of Theorem M0, we used the fact that the sign of the
Euler characteristic is invariant under taking finite quotients, which allowed us to
obtain an incompressible orientable 2-suborbifold of @ from one in @’. The end
of the proof of Theorem is similar; using the fact that a 2-suborbifold of an
orientable 3-orbifold that is a quotient of a turnover is a turnover. O

In fact, the same proof can be applied to other classes of incompressible 2-sub-
orbifolds, but it fails for instance for pillows (spheres with four cone points of order
2). Indeed, an incompressible pillow F' may have an essential curve « cutting F'
into two discs D1, Do with two cone points each, such that there is a disc D with
two cone points of order 2 satisfying D N F = 0D = v and such that both D; U D
and Dy U D are compressible pillows.

10.3. Proof of Theorem

Lemma 10.6. Let O be a closed, orientable, irreducible 3-orbifold. Suppose that
|O| contains an orientable, embedded, incompressible surface (either a 2-sphere that
does not bound a ball or a w1 -injective surface of genus > 1). Then O contains an
incompressible 2-suborbifold.

Proof. Cf. [31]. First suppose that |O| is reducible. Let F' C O be a 2-suborbi-
fold such that |F| is an incompressible 2-sphere and sing(F) is minimal. Since O
is irreducible, F' cannot be spherical. If F' is compressible, then there is a discal
2-suborbifold D such that 9D = DN F and dD separates F' into two 2-suborbifolds
D1, Dy that are discs with at least two singular points each. Since |F| is incom-
pressible, at least one of the spheres |D| U |D;| and |D| U |Dq| is incompressible.
This contradicts the minimality of sing(F).

Suppose now that |O| is irreducible. Let F' C O be a 2-suborbifold such that |F|
is an incompressible surface and sing(F') is minimal. As before, we assume that F'
is compressible and look for a contradiction. This hypothesis implies the existence
of a discal 2-suborbifold D such that 0D = D N F and JD separates F' into two
2-suborbifolds one of which, say D’, is a disc with at least two singular points.
Let F’ be the 2-suborbifold obtained from F' by replacing D with D’. Since |O| is
irreducible, |F’| is isotopic to |F|, hence incompressible. This gives the expected
contradiction. O
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Proposition 10.7. Let O be a closed, orientable, irreducible 3-orbifold that con-
tains no incompressible turnover. If m O is infinite and isomorphic to the funda-
mental group of a compact, orientable, irreducible Seifert-fibered 3-orbifold, then O
is Seifert-fibered.

Proof. There exists a finite regular covering @’ of O such that 7’ is isomorphic
to the fundamental group of a Seifert-fibered Haken manifold. It follows from
Theorems[T0.1] and that @’ is irreducible and has no incompressible turnovers.

Next we show that O contains an incompressible 2-suborbifold. If |O'| is re-
ducible, this follows from Lemma If |O'| is irreducible, then since m O’ is
torsion free, m1(|O’|) is isomorphic to m O. So |O’| is a Haken manifold, and we
can again apply Lemma [T0.6

Since O contains no incompressible turnover, we can apply a theorem of W. Dun-
bar [I0] to deduce that O’ admits a hierarchy. It follows that its universal covering
is R? (cf. [40], [31]). In particular, O’ is good. Since 710’ is torsion free, O is a
manifold. By Theorem 3.1 of [29], O is Seifert-fibered. It then follows from the
Meeks-Scott Theorem [23] that O is Seifert-fibered. O

Proof of Theorem [[.3 Let O be a closed, orientable, irreducible 3-orbifold without
incompressible turnovers whose fundamental group admits an infinite cyclic normal
subgroup Z. Let O be the regular covering of @ with 70 = Z and I' = m0/Z
the covering group.

First assume that Z has finite index in 71 O. Then O is closed. By Theorems [T0.]
and [10.2] O is irreducible and contains no incompressible turnover. By Proposi-
tion[I0. 7] O is a manifold. Now there is no closed, orientable, irreducible 3-manifold
with infinite cyclic fundamental group. Therefore, Z has infinite index.

Thus |@| is an orientable open 3-manifold on which the group I' acts properly
discontinuously and cocompactly. By Theorem [[2] T is a virtual surface group. It

follows that 7O is isomorphic to the fundamental group of a closed, orientable,
irreducible Seifert-fibered 3-orbifold. By Proposition [0, O is Seifert-fibered. O

10.4. The Torus Theorem for orbifolds. We shall deduce the Torus Theo-
rem [[4] from these two propositions:

Proposition 10.8. Let O be a closed, orientable 3-orbifold. If 11O has a subgroup
isomorphic to Z?2, then one of the following holds:

(i) m O splits over a group that is finite, virtually Z or virtually Z?, or
(ii) O has a finite cover O" such that m O has a normal infinite cyclic sub-
group.

Proposition 10.9. Let O be a closed, orientable 3-orbifold. If 71O splits over
a finitely generated subgroup H, then O contains an incompressible 2-suborbifold.
Moreover, if O is irreducible and does not contain any incompressible turnover,
then O contains an incompressible 2-suborbifold F such that m F is isomorphic to
a subgroup of H.

To prove Proposition LY, we need a few preliminary lemmas. Recall that if
(G,H) is a finitely generated group pair, the number of ends of (G, H) can be
defined as the number of ends of the quotient of a Cayley graph of G by the action
of H.
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Lemma 10.10. Let Q be a compact orientable 3-orbifold whose fundamental group
is isomorphic to Z*?. Then |Q| is homeomorphic to the connected sum of T? x I
and a homotopy 3-sphere. In particular, |Q| has exactly two boundary components.

Proof. Since m1Q is torsion free, 71(|Q|) is isomorphic to 71 Q, hence to Z2. In
particular, m (|Q|) is neither cyclic nor a nontrivial free product. So any embedded
2-sphere in |Q| bounds a homotopy ball. By Kneser’s theorem, |Q] is a connected
sum of a homotopy 3-sphere and a compact, orientable, irreducible 3-manifold M
whose fundamental group is isomorphic to Z%. By Theorem 10.6 of [I5], M is
homeomorphic to T2 x I. O

Lemma 10.11. Let O be a compact, orientable 3-orbifold. Let H be a finitely
generated subgroup of mO. Let O be the covering orbifold with m1(O) = H. Then
e(mO, H) =¢(|0)).

Proof. Let T be a triangulation of O and let D be a cell decomposition of |O| dual
to 7. Let O be the universal cover of @. Call D (resp. f)) the preimage of D in
O] (resp. |O]). Since DM NTp =0, m O acts freely on D). Besides, the quotient
of D) by H is DU, By Lemma 1.2(ii) of [28], e(m O, H) = ¢(DM). Now the
number of ends of a locally finite CW-complex is equal to the number of ends of
its 1-skeleton; so (0, H) = (|O)). O

Lemma 10.12. Let O be a closed, orientable 3-orbifold. Let H be a subgroup of
w10 isomorphic to Z?. Then e(m O, H) > 2.

Proof. Let O be the covering orbifold with Wl(@) = H. By Lemma [[0.11] we need
only show that |(’§| has at least two ends. Lemma implies that O is open.
Let X be a compact core of |(§| Again by Lemma 010, X is a connected sum of
T? x I with a homotopy sphere.

Let T be a boundary component of X. Then the inclusion T — |O| induces an
isomorphism on fundamental groups. It follows that T is separating. Let Y be a
component of |O| split along T. The isomorphism ;T — 1 (|O|) factors through
mY, which implies that 7Y is itself isomorphic to Z2. By Lemma [[{.I0, Y cannot
be compact. Hence |O| has at least two ends. O

Proof of Proposition[10.8. Let H be a subgroup of 71O isomorphic to Z2. By
Lemma [0T2, e(m, O, H) > 2. Thus H admits a subgroup H' such that we have
e(m O, H') > 2 and for every infinite index subgroup H” < H', e(m O, H') < 2.
Hence the pair (m;O, H') satisfies the hypotheses of the Algebraic Torus Theo-
rem [TT].

The “simplified” version of this theorem implies that 7w O satisfies one of the
three properties below. In each case, we shall prove that property (i) or (ii) of
Proposition [T holds.

Case 1. m1 0 is virtually abelian of rank 2 or 3. Then (ii) holds. (In fact, rank 2 is
excluded by Lemma [T0101)

Case 2. m O splits over a group that is finite, virtually Z or virtually Z?. This
means that (i) holds.

Case 3. m1 O has a normal subgroup N that is finite or virtually infinite cyclic such
that 1 O/N is virtually the fundamental group of a closed hyperbolic surface. Since
m O contains a subgroup isomorphic to Z2, N cannot be finite. Let Z be a finite
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index infinite cyclic subgroup of N. Then the normalizer of Z has finite index in
m10; so (ii) holds. O

Proof of Proposition IZ9. Let O be the universal cover of @ with covering map
p: O — O. To simplify notation, we write G = m @ and X = |(§| By hypothesis,
G splits over a finitely generated subgroup H. By Bass-Serre theory (see e.g. [9]),
there exist a simplicial tree T" and a simplicial action without inversions of G on T'
such that edge stabilizers are conjugates of H and T'/G has one edge and at most
two vertices.

Lemma 10.13. There exist a G-invariant triangulation T of O and a G-equiva-
riant map fo : X — T that is simplicial w.r.t. T .

Proof. Let T; be a triangulation of O and let 7; = p~'(7;) be the induced G-

invariant triangulation of O. Let A be a G-transversal for the action of G on ,211(0)7
i.e., a set of lifts of the vertices of 7.

Let  be a point of A. Since G acts properly discontinuously on X, Stabg(z) is
finite. Now T is a tree and G acts without inversions; so Stabg(z) fixes a vertex of
T. Thus we can define a map fy : A — T by sending every point x to a vertex of
T fixed by Stabg(x).

Next we extend fy to ’fl(o) in the following way: for x € ’f](o), we choose 2o € A
and g € G such that x = gxy. The point xg is unique, but g is defined only up to
right multiplication by an element of Stabg(xo). We set fo(z) = ¢f(xo). This is
well defined because f(xg) is fixed by Stabg(xo).

To define fo on the 1-skeleton, map every edge [z122] of 7; to the unique (possibly
degenerate) arc joining fo(z1) and fo(x2) by a piecewise affine map. The extensions
of fo on the 2-skeleton and the 3-skeleton are similar. This construction gives a
G-equivariant map fo : X — T that is simplicial with respect to some G-invariant
subdivision 7 of 7;. O

Lemma 10.14. Any continuous G-equivariant map f: X — T is onto.

Proof. Let x be a point of X and y its image. Assume first that y is not a vertex.
Since f is G-equivariant and G acts transitively on edges, the image of the orbit of
x meets every edge. Now 7' has no terminal edge, and since f is continuous, f(X)
is connected, and so f is onto.

If y is a vertex, the same connectivity argument shows that f(X) contains an
edge; so we are reduced to the first case. O

Let fo : X — T be the map given by Lemma[I0I3l Let y be a point in T that
is not a vertex. Then f;'(y) is a 2-submanifold of X, which underlies a possibly
disconnected 2-suborbifold F. Since f is G-equivariant, F is G-invariant, hence
p(F) is a (possibly disconnected) 2-suborbifold F of O.

We are going to show that if some component of F' is compressible, then f can be
modified to a continuous G-equivariant map f; : X — T such that p(f; ' (y)) is the
result of some compression surgery on F. After finitely many such modifications,
we will get a continuous G-equivariant map f, : X — T such that p(f, (y)) is
either empty or a disjoint union of incompressible 2-suborbifolds. By Lemma [[0.14]
f 1 (y) cannot be empty; so O contains an incompressible 2-suborbifold.
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To construct f;, there are two cases to consider:

Case 1. Some component S of F is spherical and bounds a discal 3-suborbifold
Y CO.

Then p~'(Y) is a G-invariant disjoint union of discal 3-suborbifolds of O. Let
B be a component of [p~1(Y)|. Let U be a G-equivariant regular neighborhood of
OB of the form U = f~([y_y]) where y_ and y, are points of the interior of the
edge containing y such that y lies between y_ and yy, and f~(y;) N B = (). Set
f1 = f outside G - B and f(gx) = gy4+ for every g € G and every x € B. Then f;
is a continuous G-equivariant map such that p(f; '(y)) = F — S.

Case 2. There is a discal 2-suborbifold D that intersects I transversely in 0D and
such that 0D does not bound a discal 2-suborbifold in F.

This case is similar to Case 1. For details, see the proof of Lemma 1.1 of [39]
and note that this construction can be done invariantly with respect to the action
of the stabilizer of the compressing disc.

At this point, we have proven the first part of Proposition [10.9, i.e., that O
contains an incompressible 2-suborbifold. Suppose now that O is irreducible and
does not contain any incompressible turnover. Then by Dunbar’s Theorem [10],
O is Haken. Hence its universal cover is homeomorphic to R? (cf. [40], [31]). In
particular, O’ is good.

Let F be a component of p(f,*(y)). By the Loop Theorem for good orbifolds
(cf. [32]), F is mi-injective. Hence m1 F' injects into some conjugate of H and the
proof of Proposition is finished. O

Proof of Theorem [I.7] Let O be a closed, orientable, irreducible 3-orbifold contain-
ing no incompressible turnover and whose fundamental group admits a subgroup
isomorphic to Z2. Apply Proposition [[0.8. In case (i), we conclude from Propo-
sition [T0.9] that O contains an incompressible 2-suborbifold F' whose fundamental
group injects in a virtually Z2? subgroup. Since O is irreducible and closed, F' must
be Euclidean; so we are in case (i) of Theorem[[4] In case (ii), Theorem I3 implies
that the finite cover O’ is Seifert-fibered. By passing again to a finite cover, we find
a closed, orientable, irreducible Seifert manifold M such that O is the quotient of
M by a finite group action. Hence by the Meeks-Scott Theorem [23], O is Euclidean
or Seifert-fibered. O

APPENDIX. PL MINIMAL SURFACES AND 2-ORBIFOLDS

A.1. Normal surfaces and PL area. Let M be a connected, orientable, irre-
ducible smooth 3-manifold with a fixed smooth triangulation 7. We recall briefly
some definitions from [I7]. Let F' be a compact, connected, orientable surface and
let f: F — M be a proper map. We say that f is a normal surface if f(F) misses
7© and meets transversely each 3-simplex o of 7 in a finite collection of discs that
intersect each edge of o in at most one point.

The weight wt(f) of a normal surface f is the number of points of F N 7™
counted with multiplicities. The normal homotopy class of a normal surface f is
the set of all normal surfaces g that are normally homotopic to f, i.e., there is a
(proper) homotopy H : F x I — M such that Hy = f, Hy = ¢g and each H; is a
normal surface.

A Jaco-Rubinstein metric on (M,T) is a Riemannian metric on 7 — 70
such that each 2-simplex is isometric to an ideal triangle in the hyperbolic plane
H2. Such a metric is determined by the gluing maps corresponding to the edges.
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In [I7], these maps were chosen more or less arbitrarily. Here we need to be more
precise. Hence we fix an ideal triangle A C H?; e.g. in the unit disc model with
complex coordinates, let A be the triangle whose ideal vertices are the third roots
of unity. We map each 2-simplex o (minus its vertices) homeomorphically onto A
using barycentric coordinates and put on o the induced metric, so that the gluing
maps are well-defined (they belong to the isometry group of A). We call this metric
the regular Jaco-Rubinstein metric on (O, T).

This allows us to define the length 1g(f) of a normal surface f : F' — M as the
total length of all the arcs in the boundaries of the discs in which f(F') intersects
the 3-simplices of 7. The PL area of f is the pair |f| = (wt(f),lg(f)) € N x Ry.
We are interested in surfaces having least PL area among surfaces in a particular
class with respect to the lexicographic order.

Lemma A.1. Let F be a compact surface and let f : F — M be a normal map.
Then size(f(F)) < wt(f)?2.

Proof. For i € {1,2,3}, we let X denote the set of the i-simplices of 7 that meet
f(F) and n; the cardinal of this set. Since f is normal, each 3-simplex that meets
f(F) has an edge that meets f(F). Hence there is a map ¢ : X3(f) — X1(f)
such that f(o) C o for all 0 € X3(f). Now for all e € X1(f), the number of 3-
simplices containing e is bounded by n1(f), hence by wt(f). Therefore the following
inequalities hold:

size(f(F)) = n3 < wt(f) - ny < wt(f)>. O

Proposition A.2. Let (M, T) be an orientable, aspherical triangulated 3-manifold.
Let F be a compact, orientable surface that is neither S*> nor D?. Let f : F — M
be an incompressible, 0-incompressible map. Then:

(i) There exists a normal map of least PL area in the homotopy class of f.
(ii) If f is an embedding, then every least PL area map homotopic to f is an
embedding or a double cover of a nonorientable surface.
(iii) Any two homotopically disjoint embedded surfaces of least PL area in their
respective homotopy classes are disjoint or equal.

Proof. (i) is proved as in [I7] except that if M is noncompact, there may be infinitely
many normal homotopy classes of given weight in the homotopy class of f. By
Lemma [A-T] there are only finitely many of them up to combinatorial homeomor-
phism. This suffices to establish the existence of a least PL area map, because we
are using the regular Jaco-Rubinstein metric.

From this existence result, we deduce (ii) and (iii) as Theorems 6 and 7 of [I7],
i.e., as Theorems 5.1 and 6.2 of [12]. O

A.2. Vertical annuli in TMCs. Let (M,7,a) be an orientable, aspherical TMC.
Assume that M has nonempty incompressible boundary. A Jaco-Rubinstein metric
on 7@ is fixed once and for all. Recall that a vertical annulus is a properly
immersed annulus A C M such that m; A — 71 M is injective and has image the sub-
group generated by a, and that a vertical annulus is essential if it is not boundary-
parallel. Hence an embedded, essential vertical annulus is incompressible and 0-in-
compressible, which means that Proposition[A.2lapplies to essential vertical annuli.
Recall that such an annulus is called h-minimal when it minimizes PL area in its
homotopy class.
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We say that an arc « properly embedded in M is inessential if it is parallel to
an arc in M. If A is an embedded essential annulus, we say that an embedded
curve ¢ C A is inessential on A if it is contractible in A. A (properly) embedded
arc a C A is essential on A if it connects the two boundary components of A, i.e.,
if it is not parallel into JA. In each case, we say that something is inessential if it
is not essential, and vice versa. Therefore, an embedded curve ¢ C A is inessential
on A iff it is contractible in M. An embedded arc a@ C A is (in)essential on A iff
it is (in)essential in M. In particular, the property of being essential on a given
essential annulus A does not depend on A.

Two embedded essential annuli A, A" are transverse if AN A’ is a finite, possibly
empty disjoint union of curves and arcs transverse to 7(®), along which A and A’
intersect transversely. It can be shown that if both A and A’ are h-minimal, then
they are transverse unless A N A’ admits a generalized saddle point and/or an arc
contained in 7(®). In that case, for small € > 0 there is an annulus A, normally
homotopic to A such that 1g(A4.) < lg(A)+e and A, is transverse to A’. This allows
us to extend to the general case any result about PL minimal surfaces obtained in
the transverse case by an exchange/roundoff argument. This is called in [17] the
Meeks-Yau trick.

Assume A, A’ are transverse. Each component of AN A’ (closed curve or arc)
is essential on A if and only if it is essential on A’; so it makes sense to speak of
essential vs. inessential intersection curves (or arcs).

Lemma A.3. Let A, A’ be h-minimal annuli.

(i) If A and A’ are transverse, then ANA’ is empty or consists only of essential
closed curves.

(ii) Otherwise, for small €, there exists an annulus A. normally homotopic
to A and transverse to A’ such that Ac N A’ is empty or consists only of
essential closed curves.

Proof. We distinguish two cases.

Case 1: A, A’ are transverse.

The proof is by “induction on niceness”. If AN A’ has an inessential closed
component ¢, then we can choose one that is innermost on A, i.e., ¢ bounds a disc
D C A whose interior does not intersect A’. Now ¢ also bounds a disc D' C A'.
Thus D U D' is a sphere embedded in Int M. Since M is aspherical, it bounds
a homotopy ball. Then a classical exchange/roundoff argument (as, e.g., in [I7],
Section 2.2) gives a contradiction.

Assume now that AN A’ has no inessential closed component, but has an inessen-
tial arc component a. Choose a innermost in the sense that it cobounds a disc
D C A with an arc 8 C 9A and Int D does not intersect A’. Since « is also inessen-
tial on A’, it cobounds a disc D’ C A’ with an arc 8’ C 0A’. Piecing together 8 and
(3’ yields a curve that bounds the disc DU D’. Now M is incompressible; so U 5’
bounds a disc D” € M. We can now construct a sphere S properly embedded in
M and isotopic to DU D’ U D”. Again, the asphericity of M gives a contradiction
using an exchange/roundoff argument.

Assume finally that ANA’ has no inessential component, but one or more essential
arc components. Then A N A’ is a disjoint union of essential arcs. Let F be a
component of M that meets A (and hence A’). Choose boundary curves ¢, ¢’
of respectively A and A’ such that ¢ and ¢ lie in F. Then ¢ and ¢’ intersect
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transversely in finitely many points. Since M has incompressible boundary, the
map mF — m M is injective; so ¢ and ¢’ represent the same central element
in mF. Hence the number of intersection points between ¢ and ¢’ is even. In
particular, there are at least two arcs in AN A’. Take two such arcs oy, s with
the property that there are arcs 1,32 in OA such that the disc D C A bounded
by a3 U B Uaz U By meets A’ only along ay U ag. There exist arcs 57,85 C A’
such that £ U 3] (resp. B2 U B%) cobounds a disc Dy C OM such that D1 N D = 5
(resp. a disc Dy C OM such that Do N D = (B5) and ay U 8] Uz U G5 bounds a disc
D’ c A’ such that DU D’ U Dy U D5 is an embedded sphere. As before, we get a
contradiction using the asphericity of M.

Case 2: A, A’ are not transverse. We use the Meeks-Yau trick: take € > 0 small
enough so that there is an annulus A. normally homotopic to A and transverse to
A’, such that any exchange/roundoff between A, and A’ reduces length by more
than e. In each of the previous cases, the asphericity of M implies the existence of
annuli A”, A”” homotopic respectively to A and A’ such that

wt(A”) + wt(A") = wt(A) + wt(A4)
and
lg(A”) + 1g(A") < lg(A.) +lg(A) — ¢ < Ig(A) + lg(A").
Thus we have either |A”| < |A| or |A"'| < |A’|, which contradicts the fact that
A and A’ are h-minimal. O

A.3. PL area of orbifolds. There is some overlap between this subsection and a
recent paper by Y. Takeuchi and M. Yokoyama [33].

Definition. Let O be a 3-orbifold. A triangulation T of O is a triangulation of the
underlying manifold |O] such that Yo is a subcomplex of the 1-skeleton and every

3-simplex of 7 intersects Y in either the empty set, a vertex or an edge. The pair
(O, 7) is called a triangulated 3-orbifold.

Definition. Let O be a 3-orbifold with a fixed triangulation 7" and let F' be a closed,
orientable 2-orbifold. A map f: F — O is in general position (resp. normal) if the
induced map |f| : |F| — |O| is in general position (resp. normal) with respect to 7,
and if for every « € F, the local group at f(x) is isomorphic to the local group at
x. The normal homotopy class of a normal map is defined as in the manifold case.

Examples. (i) Let f : FF — O be a normal map. If |f| is an embedding, then
its image underlies a 2-suborbifold of O isomorphic to F. Such an orbifold will be
called a normal suborbifold, and the map f is called an embedding. In the sequel, a
normal 2-suborbifold will often be identified with its inclusion map.

(ii) Let f : FF — O be a normal map. If |f| is a double covering onto its
image, then this image underlies a one-sided nonorientable 2-suborbifold of O whose
orientation cover is isomorphic to F. We call f a double cover.

Let (O,T) be a triangulated 3-orbifold. Give 7(? the regular Jaco-Rubinstein
metric on (O, 7). Let F be a closed, orientable 2-orbifold and f : FF — O a map in
general position. The singular weight sing(f) of f is the number of singular points
of F. Its total weight wt(f) (resp. length 1g(f)) is the weight (resp. length in the
regular Jaco-Rubinstein metric) of the underlying map. The PL area of f is the
ordered triple || f|| := (sing(f), wt(f),lg(f)) € N? x R4 (with the lexicographic
order).
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A few remarks are in order: the singular weight of a general position map is
never greater than its total weight. Its total weight and length are the same as
those of its underlying map. Normally homotopic maps have the same singular
weight and total weight; so a map is of least PL area in its normal homotopy class
iff it is of least length.

A linking 2-suborbifold is a normal embedded spherical 2-suborbifold S that
bounds a small discal 3-suborbifold around a vertex of 7. (Equivalently, the un-
derlying surface of S is a linking sphere in the sense of [17].) A multiple of a linking
2-suborbifold S is a normal map obtained by gluing together all the triangles in
some finite number of copies of S.

By the above remarks, the next two theorems are direct consequences of results
of [17].

Theorem A.4 (Theorems 1 and 2 of [17]). Let f : F — O be a normal map that
is not a multiple of a linking 2-suborbifold. Then there is a unique least PL area
map in the normal homotopy class of f.

Theorem A.5 (Corollary 3 of [17]). Let f : F — O be a normal map that is not
a multiple of a linking 2-suborbifold. If f is an embedding, then the least PL area
map in the normal homotopy class of f is either an embedding or a double cover.
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